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Abstract 

By  generalizing  the  method  of  Gelfand  and  Levitan  it  is  shown 
that  in  mai^  cases  the  potential  can  be  obtained  uniquely  from  the 
spectral  measure  function,  if  we  specify  the  asymptotic  behavior  in 
some  representation  of  the  eigenstates  of  the  total  Hamiltonian  H 
associated  vd.th  the  measure  function.  In  contrast  to  earlier  treat- 
ments where  one  restricts  oneself  to  an  unperturbed  Hamiltonian  H 
and  a  representation  such  that  the  H  is  a  second  derivative  operator 
and  the  potential  is  diagonal,  the  procedure  described  is  quite  general: 
H  may  have  almost  any  character,  and  the  potential  need  not  be  diagonal 
in  the  representation  in  which  the  asymptotic  description  of  the  eigen- 
functions  is  specified. 
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1*   Introduction 

For  the  case  of  the  radial  equation  Gelfand  and  Levitan^  ^  have  shown 
how  the  scattering  potential  can  be  obtained  from  the  spectral  measure 
function.  By  showing,  in  addition,  how  the  spectral  measure  function  can 
be  obtained  from  the  scattering  phases  Jost  and  KohnL^-"  and  Levinson  L-^-'  have 
been  able  to  construct  the  scattering  potential  from  the  phases,  Kay  L'^-'  and 
Gorinaldesi L J  have  adapted  the  method  of  references  [l]  and  [2]  to  the  one- 
dimensional  wave  equation  (-co  <  x  <  +oo)  and  the  radial  Gordon-Klein- Schroedinger 
equation  respectively.  In  the  treatments  discussed  above  the  unperturbed 
Hamiltonian  H  has  been  given  explicitly  as  the  kinetic  energy  operator,  and 
it  has  been  assumed  that  the  perturbation  is  diagonal  in  the  x-representation. 

In  the  present  paper  we  shall  show  how,  in  many  cases,  the  potential  can 
be  obtained  from  the  spectral  measure  function  if  we  specify  the  sisymptotic 
behavior  of  the  eigenfunctions  of  the  total  Hamiltonian,  The  procedure  which 
we  shall  use  will  be  very  general  and  more  abstract  than  those  used  previously. 
We  shall  assume  some  very  general  properties  of  the  unperturbed  Hamiltonians 
instead  of  restricting  ourselves  to  kinetic  energy  operators.  Furthermore  we 
shall  not  require  that  the  perturbation  be  diagonal  in  a  specific  representa- 
tion. It  is  hoped  that  in  the  future  the  results  which  we  present  here  can 
be  used  to  infer  potentials  from  scattering  operators  in  an  abstract  way. 

It  is  found  that  in  the  abstract  formulation  of  the  problem  the  deriva- 
tive of  the  spectral  measure  function,  which  we  call  the  spectral  weight 
function,  plays  a  more  direct  role  than  the  measure  function  itself.  In 
the  first  part  of  our  paper  we  shall  discuss  the  problem  of  obtaining  the 
weight  function  and  its  properties  from  the  potential,  and  the  asymptotic 
form  of  the  eigenfunctions  of  H,  irtiile  in  the  latter  part  we  shall  consider 
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the  inverse  problem,  namely  to  obtain  the  potential  from  the  weight 
function  and  the  conditions  under  which  the  potential  will  be  unique.     We 
shall  limit  ourselves  to  the  case  where  H  and  H  ,  the  perturbed  and  unper- 
turbed Hamiltonians,  have  the  same  spectrum, wJiich  is  taken  to  be  continuous 
throughout  its  entire  range.     However,  we   shall   append  some  remarks  as  to 
the  nature  of  the  generalization  required  if  we  are  to  assume  that  H  has 
point  eigenvalues  in  addition  to  a  continuous  spectrum  which  coincides  with 
the  spectrum  of  H  «     We  hope  to  carry  out  the  generalization  in  detail  in  a 
subsequent  paper* 


2,       The  Eigenfunctions  of  the  Unperturbed  Hamiltonian 

Wb  have  assumed  that  the  unperturbed  Hamiltonian  H     has  a  continuous 
spectrum  only.     In  most  cases  the  spectrum  will  be  degenerate.     It  will  there- 
fore be  convenient  to  introduce  a  set  of  coramvting  variables,   collectively 

denoted  by  A  ,  each  of  which  also  commutes  with  H  ,  such  that  A^  and  H.  form 
o  o  o  o 

a  complete  set  of  commuting  variables.     Using  a  modification  of  DLrac's  nota- 
tion we  denote  the  state  which  is  simultaneously  an  eigenstate  of  H^  and  A^ 
corresponding  to  the  eigenvalues  E  and  a  of  H     and  A     respectively  by 
Ih   ,A  ;E,a  >,  An  example  of  A     occurs  in  the  case  where  H     is  the  kinetic  energy 
operator.     A     could  then  be  chosen  to  be  the  operator  whose  eigenvalues  give 
the  direction  of  tiie  momentum. 
We  have 

(2.1)  H^    |H^,A^}E,a  >  -  E|H^,A^;E,a  >. 

If  we  assume  that  the  eigenfunctions  are  normalized,  we  have 

(2.2)  <  HQ,AQiE,alHQ,Ag;F,b  >  -  6(E-F)6(a,b), 
where  5(a,b)  is  a  generalized  5-function  defined  by 
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(2.3)         /f(a)6(a,b)da  -  f(b)  1  if  the  ranpe  of  integration  includes  b 

=  0    J  otherwise  • 

(The  intefiration  is  to  be  understood  as  summation  over  the  values  of  a  in 
the  discrete  spectrum.)  Since  the  set  of  eigenf unctions  is  to  be  a  complete 
set,  we  have 

(2.!;)        yy  |H^,AQjE,a  >  dE  da  <  U^,k^}Eya\   -  I, 

where  I  is  identity  operator. 


3.   The  Eigenfunctions  of  the  Perturbed  Hamiltonian  and  the  Transfonnation 
Operator 
The  perturbed  Hamiltonian  H  is  given  by 

(3.1)  H  -  H^  +  6  V 

where  V  is  the  scattering  potential  and  e  is  a  smallness  parameter.  We  have 
assumed  that  the  spectrum  of  H  is  the  same  as  H  .  Hence  the  degeneracy  of  the 
spectirum  of  H  is  the  same  as  that  of  H  ♦  We  therefore  introduce  a  set  of 
commuting  operators  A,  analogous  to  A  ,  which  together  with  H  form  a  complete 
set  of  commuting  variables.  We  denote  the  eigenfunction  of  H  and  A  which  be- 
longs to  the  eigenvalues  E  and  a  of  H  and  A  resj^ectively  by  |H,AjE,a  >,  Hence 

(3.2)  H|H,AiE,a  >  -  E|H,A}E,a  >  , 

We  also  introduce  the  transformation  operator  U  defined  by 

(3.3)  |H,AjE,a  >  -  D|H^,AQiE,a  >  . 

(This  operator  is  also  used,  for  example,  by  Friedrichs &^ . )  We  now  proceed 
to  develop  some  relations  which  U  must  satisfy.  Substituting  (3.3)  into 
(3»2)  we  have 
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(3.U)  H|H,A}E,a  >  -  EV\ii^,A^iE,&  > 

-  UE|H^,A^}E,a  > 

or 

(3.5)  mj|HQ,A^iE,a  >  -  UH^|HQ,A^,jE,a  >. 

Hence  on  using  (2.U)  we  have 

(3.6)  HU  -  UHq. 

For  any  function  f (H)  of  H  we  infer 

(3.7)  f(H)u  -  m%). 

It  will  be  shown  later  that  U  has  an  inverse^ U~  .  From  (3.6),  then, 
(3.3)  H  -  UHqU'^ 

and  we  see  that  the  transformation  U  is  actually  a  canonical  transformation 

between  H  and  H  .  It  is  further  seen  that  a  relation  like  (3.8)  can  hold 
o 

only  when  the  spectrum  of  H  and  H  are  the  same. 

The  operator  U  or  ecpiivalently  the  eigenfunctions  |H,A;E,a  >  -  U  |H  ,A  }E,a  > 
are  not  vmique.  All  possible  solutions  of  (3.6)  satisfy  the  integral  equation 

(3.9)  U  -  L  +  e  /  g  l^      VU6(E-H^)dE, 

where  L  is  an  arbitrary  operator  which  commutes  with  the  H  ,  The  symbol  P 
means  »principai  part'  in  the  integration,  the  range  of  integration  is  the  range 
of  the  spectrum  of  E.  The  operator  6(E-Hq)  is  defined  by 

(3.10)  6(E-H^)  =  /|H^,AQ;E,a  >  da  <  H^,AQ}E,al, 

and  has  the  properties 

(3.11)  H^6(E-Hjj)  -  6(E-Ho)Hq  -  E5(E-Hq), 


(3.12)  /5(E-HQ)dE  -  I. 
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Equation  (3.12)  follows  from  (2.U).     To  show  that  U  as  given  by  (3.?)  satis- 
fies (3*6)  for  any  operator  L  which  commutes  with  H  ,  we  rewrite  (3.6)  as 
(3.13)  UH^  -  H^U  -  eVU 

vdiich  follows  from  (3.1).     But  on  using  (3.9)  and  (3.11)  we  find  that 
(3.1U)  UH^  -  LH^  +  e  /  ^  /^     W5(E-H^)H^dE 


»  H  L  +   6  /    =r-~-  EVU5(E-H   )dE. 
and 

(3.15)  H^U  -  HqL  ♦  6   /  g-rir  HoVU6(E-H^j)dE. 

v/  o 

Hence 

(3.16)  ™o"V  *  ^/      E  -  H     (E-H^)VU6(E-HQ)dE 


=  6/     VU5(E-H^)dE  -  eVU  /  6(E-H^)dE  -  eVU 

which  is  just  equation  (3.13). 

Having  introduced  operators  which  commute  with  H  ,  we  shall  show  that 
these  operators  are,  in  a  sense,  diagonal  in  the  H  representation.  Let  B 
be  any  operator  which  commutes  with  H  i   then 

(3.17)  BH^  -  H^B  -  0 
or 

(3.18)  <  H^,A^;E,a|BH^|H^,A^}F,b  > 

-<  H^,A^;E,a|H^B|H^,A^jF,b  > 

-  (F-F)  <  K^,A^jF,a|D|H^,A^;F,b  > 
=  0. 
From  the  second  equation  of  (3. 18)  it  follows  that 
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(3.19)  <  H^,A^}E,alB|H^,A^;F,b  >  -  <  a|p(E)  |b  >  5(E-F) 

where  <  a|p(E)|b  >  is  a  function  of  a,  b  and  E  (a  proper  function,  i.e.,  not 
a  5-function,in  terms  of  E)  which  can  be  obtained  from  the  operator  B«  The 
6-f unction  on  the  right  of  equation  (3»19)  shows  that  B  is  diagonal  in  the 
H  representation. 


h»      The  Outgoing  and  Incoming  Eigenfunctionst  The  Scattering  Operator 

There  are  two  transformation  operators  which  play  a  particularly  important 
role.  We  denote  them  by  U  .  The  integral  equations  for  these  operators  are 
obtained  by  choosing  the  operator  L  properly.  The  operator  U_  is  required  to 
satisfy  the  condition 

(U.l)  lira   e  °  e'^"X|;?  >  -  |9  > 

t->-oo  " 

where  j^l  >  is  a  state  in  Hilbert  space,  that  is,  quadratically  integrable.  The 
meaning  of  (U.l)  is  that  if  we  choose  the  solution  |{?(t)  >  of  the  perturbed 
Schroedinger  equation 

(U.2)  H|i2(t)  >  -  i  ^  l<?(t)  > 

to  behave  like 

-iH^t 
(U.3)  I^Xt)  >  -  e   °  |9f  > 

when  t  -i>  -00,  then  at  finite  times 

(U.U)  \9it)  >  =     e"^"*  U_|gf  >  , 

Since  the  Schroedinger  equation  has  only  a  first  derivative  in  time,  only  one 
initial  condition  is  required  to  obtain  a  unique  solution.  Equation  (U,ii)  may 
be  regarded  as  the  solution  of  (U»2)  with  the  initial  condition  (U.3)» 
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In  Appendix  I  it  is  shown  that  condition  (U.l)  fixes  the  operator  L  as 
(U.i>)  L  -  I  -  ine  /6(E-HQ)VU_6(E-H^)dE. 

It  is  to  be  noted  that  L  as  given  by  (U.5)  coiranutes  with  H  ,  as  required. 
Substituting  (U.5)  into  (3.9)  we  find 

(U.6)  U_  =  I  +  6  /Y.(E-H^)VU_5(E-H^)dE, 

where 

(U.7)  Y  (x)  =-iH5(x)  +  I  -  lim    -4rr  . 

^   ^_c»  +0    ^ 

The  eigenf unctions |H,A}E,a  >  of  H  given  by 

(U.8)  |H,AjE,a  >  -  U^|H^,A^jE,a  > 

are  generally  called  the    'outgoing  waves'.     (Usually,  however,  the  plus  sub- 
script is  used  to  denote  these  eigenf unctions.) 

The  scattering  operator  can  be  conveniently  expressed  in  tenras  of  U_. 
It  is  defined  in  the  following  way:     If    |^(t)  >  is  a  solution  of  the  Schroedinger 

equation  (U.2)  such  that 

iH  t 
(U.9)  lira     e     °    |(2(t)  >  -    |9  > 

t->oo 

exists,  then  the  scattering  operator  S  is  given  by 

iH  t 
(U.IO)  lim   e    |9(t)  >  »  S|^  >, 

t->+oo 

-iHt 
If  we  identify  |9(t)  >  with  e    U_|^  >  then  the  scattering  operator  is 

given  by 

iH  t 
(U.ll)  lim   e    e^    VJ9   >  -  S|{?  >  . 

t->+c» 


In  Appendix  I,  it  is  shown  that 


/^(E-H. 


(U,12)  S  =  I  -  2nie  /  6(E-HQ)VU^5(E-HQ)dE. 

"^  -iH  t 

o 
The  scattering  operator  takes  a  state  which  behaves  like  the  solution  e    \^  > 
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-iH  t 
of  the  unperturbed  equation  at  t  -  -co  into  another  solution  e     S|{yof 

the  unperturbed  equation  when  t  «  +00, 

The  operator  U  is  used  to  solve  the  final  value  problem.  Specifically, 

U  is  defined  as  that  transformation  which  satisfies 

+ 

(U.13)  lim   e  °  e"^"^U^|9  >  «  |(2  >. 

t->+oo 

The  state  |^(t)  >  at  finite  times  is  then  given  by 

ik.lk)  |p(t)  >  -  e"^*  U^|i2>, 

-iH  t 
where  |?(t)  >  behaves  like  e     \<^  >   for  t  «  +00.  In  Appendix  I  it  is  shown 

that  in  this  case  the  operator  L  nust  be  taken  as 

(U.I5)  L  -  I  ♦  ine  /6(E-HQ)VU^6(E-HQ)dE. 

Hence  U  satisfies  the  equation 

(U.16)  U^  -  I  +  6  /Y+(E-HQ)VD_^5(E-HQ)dE, 

where 

(U.17)  rM)   -  in5(x)  ♦  I  -  liB    -~  . 

The  eigenstates  |H,AjE,a  >  of  H  given  by 

(U.IS)  |H,AjE,a  >  »  U^|HQ,A^}E,a  > 

are  usually  called  the  'incoming  waves'.  From  the  definition  of  the  scattering 

operator  it  is  clear  that  the  inverse  scattering  operator  S~  is  given  by 

iH  t 
(U.19)  lim   e  °  e'^"^  U_|9f  >  -  S'^\9  >. 

t-0-00 

In  Appendix  I  it  is  shown  that 

(ii.20)  S'-"-  -  I  +  2nie  /5(E-Hj,)VU^5(E-Hj,)dE. 

Generally,  the  operators  U  are  not  unitary.  However,  the  operators  U 
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are*  In  Appendix  II  It  is  shovn  that 

(U.21)  "I  "±  "  ^ 

where  the  asterik  means  Hermltian  adjoint*  Equation  (u.2i)  yiexds  orthonor- 

mality  relations  for  |H,A}E,a  >  ,  since  we  have 

(U.22)        <  H,AjE,a|H,A}F,b  >  -  <  HQ,AQ;E,a|U*U^  |HQ,A^}F,b  > 

-<  H^,A^|E,a|H^,A^jF,b  > 
»  6(E-F)6(a,b). 

Since  we  have  assumed  the  spectruia  of  H  is  the  sane  as  that  of  H  ,   each  set  of 

eigenf unctions,    |H,A}E,a  >  and    |H,AjE,a  >,   is  complete.     Accordingly,  any 
arbitrary  state    |(i  >  can  be  expanded  in  terias  of  either  set.     Using  (ii.22) 
the  coefficients  of  the  expansion  can  be  found  and  it  is  seen  that 

(U.23)  \9  >  '      I  |H,A|E,a  >  dEda  <  H,A}E,a|^  > 

or 

(U.2a)  ff  \^,kiZy&  :>  dEda  <  H,AjE,a|   -  Ij 

thus  on  using  (Li.8),    (U.i8),   (2.1()  we  have 

(U.25)  U^  U*  =  I   . 

Finally  conditions  (U.?x)  and  (U.25)  imply,  by  definition  of  inverse  ,  that 

(U.26)  U*  -  U^^ 

>rtiich  is  the  condition  that  U  be  unitary. 


5,       The  General  Transformation  Operator  and  the  Spectral  Vfeight  Function 
We  shall  now  consider  properties  of  the  general  operator  D  which  are 

analogous  to  the  unitary  property  of  U   . 

Firom  (3.9)  we  see  that  we  can  wirLte  U  as 
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(5.1)  U  »  M^  +  t  /r_^{E-'E^)V\}6{E-E^)dE 
where 

(5.2)  M^  =  L  +  ine  /6(E-K^)VIJ5(E-K^)dE. 

In  Appendix  III  we  prove  that 

(5.3)  U  -  U_^  M^  . 

From  Equation  (5.?)  it  is  clear  that  the  operatois  M  commute  with  H  .  From 

(5.3)  we  can  show  that  the  operators  M  have  inverses.  For  from  (5.3)  we 

have 

(5.U)  |H,A}E,a  >  -  U |HQ,A^jE,a  > 

U^lH^,A^5E',a«  >  dE«da« 

•  <  H^,A^jESa«|M^lH^,A^jF,a>. 

But  if  we  write  (see  Eq.  (3.19)) 

(5.5)  <  HQ,A^iE«,a«  |M^|H^,A^iE,a  >  -  <  a»  |ti^(E)  |a  >  6(E-E«) 
the-  above  equation  becomes 

(5.6)  |H,AjE,a  >  -  /  |H,AjE,a«  >  da«  <  a' |h^(E) |a  >  . 

Equations  (5.6)  shows  that  the  operators  M  merely  take  linear  combinations 
of  the  eigenfvinctions  belonging  to  one  eigenvalue  of  H  into  another  eigen- 
f unction  of  H  with  the  same  eigenvalue.  It  ought  to  be  possible  to  expand 
|H,A}E,a  >  in  terms  of  |H,AjE,a  >,  since  all  these  eigenfvinctions  span  the 
same  space.  The  operators  which  perform  this  expansion  will  be  denoted  by 
M~  .  These  operators  also  commute  with  H  ,  as  can  be  shown  f3x>m  (5.6). 

Incidentally,  equation  (5.3)  also  appears  in  reference  [6]. 

As  a  special  case  of  (5.1),  let  us  take  the  positive  sign  for  the  sub- 
scripts and  identify  U  with  U  .  Then  using  (U.5)  for  the  operator  L  associated 
with  U_,  we  have 
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(5.7)  M_^  -  I  -  2ine  /  5(E-HQ)VU_5(E-HQ)dE  -  S. 

Hence  (5.3)  gives 

(5.8)  U_  -  U^S 
or  on  using  (U.26) 

(5.9)  S  "   U*U_. 

From  (5.3)  >»  have  generally 

(5.10)  U  M  •=  U  M 

+  +    -  - 


or 


Hence 


\  "  ^t^.M_  ■  SM_. 


(5.11)  S  -  M^M^"^. 

Equation  (5.11)  shows  how  one  can  construct  the  scattering  operator 
froB  a  general  transformation.  Equation  (5.11)  is  a  generalization  of  a 
result  that  often  appears  in  the  literature,  in  the  discussions  of  the 
radial  equation. 

Let  us  define  the  weight  operator  W  by 

(5.12)  w  -  \hi^^  -  vCj-  M^^. 

It  is  to  be  noted  that  W  is  a  positive  definite  Herraitian  operator  which 

commutes  with  H   • 
o 

From  (5.3),   (U.21),   (U.25)  we  have 

(5.13)  WU*U  -  I, 

(5.1U)  irwu*  "  I. 

Equation  (5.13)  gives  the  orthogonality  relations  for    |H,A;E,a  >^ and  (5.1U) 
gives  the  completeness  relation  for  these  eigenstates.     From  (5.13)   axid 
(5.1ii)  it  is  clear  that 
(5.15)  u"-^  =  WU*. 
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(5.15a)  W'^  -  U*U. 

To  justify-  our  calling  W  a  weight  operator  let  us  write 

(5.16)  <  H^,A^;E,a|W|HQ,A^jF,b  >  -  <  a|co(E)|b  >  5(E-F), 

as  is  possible  frcan  (3.19).     Then  for  any  state    |p  >  we  have,  fran  (5.1U) 
and  (2.J4), 

(5.17)  |gf>-lMJ*H?> 

U|H^,AQjE,a  >  dEda  <  H^,A^jE,a|w|HQ,A^;F,b  > 

•dPdb  <H^,A^jF,b|U*U?  > 

'j///\^,kiZy3.  >  dEda  <  HQ,AQjE,a|W|H^,AQ}F,b  > 

•  dFdb  <  H,A}F,b  \(f  >  , 

or  on  using  (5.16)  we  have  the  expansion  of    \(jf  >  in  terms  of    |H,AjE,a  >, 
namely 

(5.18)  \^  >  *  /dE  //  |H,AjE,a  >  da  <  a|co(E)|b  >  db  <  H,A}E,a|^  > 

If  the  spectrum  of  H  had  no  degeneracy, (5.18)  would  be  written  as 
(5.18a)        IP  >  -  /dE|HiF  >  co(E)  <  HjE|?l  > 


and  (o(E)  would  play  the  role  of  the  usual  weight  function.  In  the  case  of 
degeneracy  the  weight  function  must  be  replaced  by  the  weight  operator 
<  a|co(E)  |b  >. 

To  suinmarize:  In  the  direct  problem,  if  H  is  given  and  a  set  of  eigen- 
functions  (or  equivalently  a  transformation  operator  U)  is  specified  by 
choosing  the  appropriate  boundary  conditions, we  can  find  the  spectral  weight 
operator  W  corresponding  to  those  eigenfunctions. 
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6.   The  Inverse  Problem 

In  the  inverse  problem  we  are  given  an  operator  W  and  seek  the  conditions 
under  which  we  can  solve  the  equations  (cf.  (5.13)  and  (5.1U)) 

(6.1)  Wl]*U  -  I 

(6.2)  IMJ*  «  I, 

for  U  such  that  |H,AjE,a  >  =  U|H  ,A  }E,a  >  is  an  eigenl'unction  ol'  a  Hamiltonian 
H  «  UH  U~  corresponding  to  a  suitable  choice  of  boundary  conditions  on 
|H,A}E,a  >o  Specifically  we  shall  rewrite  (6.1)  and  (6.2)  as 

(6.3)  WU*  »  Uq 

(6.U)  l)^  -  U"^ 

and  obtain  theorems  which  will  tell  us  under  what  conditions  we  can  obtain 
unique  solutions  U,  U  of  (6.3)  such  that  (6.1i)  is  satisfied  and  such  that 
the  eigenfunctions  lH,AjE,a  >  =  U|H  ,AQjE,a  >  approach  |h  ,A  jE,a  >  asymp- 
totically in  some  specified  representation. 

Of  the  above  conditions  we  shall,  in  the  present  section,  discuss  the 
necessary  conditions  on  W,  independent  of  the  boundary  conditions  on  the  eigen- 
functions |H,AjE,a  >, 

We  shall  now  show  that  in  order  for  (6,3)  to  have  a  solution  for  U  and 
U  such  that  (6,h)  holds,  W  must  be  a  positive  definite,  Hermitian  operator 
which  has  an  inverse.  Further,  in  order  that  H,  as  given  by 

(6.5)  H  -  UH  U^  -  UH  U"-^  , 

0  0      0' 

be  Hermitian,  W  must  commute  with  H  • 

Once  ve   have  proved  this,  we  shall  henceforth  assume  that  W  is  a  positive 

definite  Hermitian  operator  which  commutes  with  H  and  has  an  inverse. 

o 

First  of  a]  1  let  us  show  that  W  must  have  an  inverse.  From  (5.3)  and  (6.4.), 

(6.6)  WU*U  -  I. 


-  lU  - 

-1  *-l 

from  which  hy  multiplication  on  the  right  by  U   U    we  get 

(6.7)  W  -  U'V'^  -  (U*D)"^. 
Clearly  W  has  an  inverse  w"  given  by 

(6.8)  W"-^  -  U*U. 

That  W  must  be  Hermitian  follows  immediately  from  (6.7).  We  can  also 
show  from  (6.7)  that  W  is  positive  definite.  To  prove  this  we  must 
ehow  that 

<  J  |W|  J  >  -  0 

for  arQT  state    |  J  >  which  is  not  zero^  and  that 

<  5  |w|  J>  =  0 

implies  |  J  >  »  0.  First  of  all  assume  <]^|W|s^>»0.  Then  we  write 

I©  >  "  D   I  ^  >  and  note  that 

<1  1^1  J>  =  <5  |U"\*"''" |J>-0-<©|»> 
implies 

I©  >  -  U*"^  I  I  >  -  0. 

Multiplyii^  by  U  we  have  |  J  >  =  0. 

XL        ■) 

Let    I  5  >  be  anj'  non-zero  state.     Then  U  "*  1  §  >  «    I©  >  cannot  be  0,  for 
if  it  were,  |  ^>  =  U*^]©  >  would  equal  zero.     But  <c§  |w|  J>»<©|©>  and 
hence  is  positive  if    |  ^  >  is  a  non-zero  vector. 

We  now  show  that  W  must  commute  with  H       in  order  that  H  as  given  by 
(6.5)  be  Hermitian.     From  (6.5)   and  (6.3)  we  have 

(6.9)  H     -  UH^U^  -  UH^WD* 

H*  -  U*  H  U*  -  UWH^U*  . 
0     o  o 

Then  if  H  is  to  equal  H  we  see  from  (6.9)  that  the  following  equation  must  holdi 
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UH^WD*  -  UWHqU*. 
On  multiplying  on  the  right  by  U    and  on  the  left  by  U~  we  h&v 
(6.9a)  HjjW  -  Vm^. 

Kence,  a  necessary  condition  that  H  be  Hermitian  is  that  W  conmutes  with 

H  .  This  condition  is  also  sufficient  as  can  be  easily  seen, 
o 

The  potential  V  which  one  would  obtain  is  given  by 

(6.10)  6V  -  H-Hp  -  UH^U'-^-H^  , 
(6.10a)  6VU  -  UH^-H^U. 

To  show  that  eigenfxinctions  |H,A}E,a  >  of  H  can  be  obtained  from 

(6.11)  |H,AjE,a  >  -  U  |H^,A^}E,a  > 
we  use  (6.5).  Then 

(6.12)  H|H,AjE,a  >  -  HUlH^jA^jEja  >  -  UH^ |H^,A^jE,a  > 

-  nj|H^,A^;E,a  >  -  E|H,AjE,a  >, 


7,   Boundary  Conditions  on  the  Eigenfunctions  and  Triangularity  Conditions  on 

Operators 

It  is  clear  that  for  a  given  operator  W  which  satisfies  the  conditions 
discussed  in  Section  6,  there  are  mar^y  operators  U  and  U  which  satisfy  WU*» 
U^  and  U~  «  U^.  We  wish  to  introduce  additional  conditions,  understandable 
from  a  physical  point  of  view,  which  will  enable  us  to  get  essentially  unique 
solutions  U,  U^  which  satisfy  U~  -  U  .  Toward  this  end  we  consider  imposing 
boundary  conditions  on  the  eigenfunctions  |H,AiE,a  >  to  maKe  them  unique. 

Let  us  introduce  a  Hermitian  operator  Q  which  is  itsell"  a  complete  set 
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of  coinrauting  variables.     Let  us  denote   the  eigenvalues  of  Q  by  q,  whose  range 

is 

q^  <  q  <   q^. 

In  special  cases  q  or  q,  can  be  0,  or  i  oo.  The  eigenvector  of  Q  corresponding 
to  the  eigenvalue  q  is  denoted  by  |q  >. 

The  boundary  condition  which  can  reasonably  be  imposed  on  |H,AjE,a  >  is 

(7.1)         lim   [<  q|H,A;F,a  >  -  <  q\}{^,k^}'E,a   >  ]  -  0, 
q->  q^ 

i.e.,  that  <  q|H,A}E,a  >  approach  <  q|H  ,A  |E,a  >  asymptotically  in  the  Q- 

representation.  We  shall  now  given  conditions  on  U,  U  such  that  (7.1)  will 

often  hold  and  U,  U  will  be  unique.  These  conditions  will  henceforth  be 
'  o  ^ 

called  the  triangularity  conditions.  Let  us  write 

U  =  I  +  6K, 


(7.2) 


then 


0        o' 


(7.3)  <  q|H,AjE,a  >  -  <  q|Hp,A^;E,a  >  ♦   e  /<  q|K|q»  >  da"  <  q' iH^jA^jEja  >, 

(7.U)  <  q!H^,A^}E,a  >  -  <  q|H,AjE,a  >  +  c   /<  qlK^lq'  >  dq'  <  H,A}E,a  >     . 

% 
Let  us  call  any  operator  P  triangular  in  the  Q-re presentation  if 

(7.5)  <  q|Plq'   >  -  0  q'   >  q 

and  if  <  q|P|q'   >  is  a  bounded  function  for  q'  <  q.     If  K  and  K     are  triang\ilar 
and  q     is  finite  in  the  Q-representation,  then  the  eigenfxinctions    |H,AjE,a  > 
have  the  asymptotic  form  (7.1),   since  then  equations  (7.3)  and  (7.U)  become 

q 

(7.6)  <  q|H,AjE,a  >  »  <  qlH^jA^iEja  >  +  e  /<  q|K|q«  >  dq«  <  q«  |H^,A^jE,a  >  , 
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(7.7)     <  q|H^,A^jE,a  >  -  <  q|H,A}E,a  >  ♦  e  /  <  q|K^  |q«  >  dq»  <  q'  |H,AjE,a  >. 

\ 

If  q^  "-00,  some  additional  restrictions  on  <  q|K|q'  >  and  <  q|K  jq'  >  as 
q  -o-oo  are  needed  in  order  that  the  triangularity  condition  guarantee  the 
asymptotic  form  (7.1).  An  example  of  such  a  condition  (a  rather  severe  one) 
is  that  <  q|K|q'  >  and  <  q|K  |q'  >  vanish  wjien  q  <  \^^>   where  q^^^.   is 
finite.  In  Section  17  we  shall  discuss  sufficient  conditions  \rtiich  W  must 
satisfy  in  order  that  K  and  K  be  such  that  (7.1)  holds. 

In  our  present  treatment  we  have  nol;.  specified  in  which  representation 
K,  K  is  to  be  triangular.  Our  attitude  is  that  physical  reasoning  shoiold 
be  used  to  tell  us  in  which  representation  the  asymptotic  relation  (7.1)  is 
to  hold  and  hence  in  which  representation  K,  K  are  to  be  triangular.  In  con- 
trast to  this  attitude,  previous  authors  choose  the  Q-representation  in  such 
a  way  that  the  potential  V  is  diagonal  in  that  representation.  The  emphasis  in 
their  papers  is  on  the  proof  that  K  and  K  are  triangular  in  this  representation. 

Most  of  the  remaining  sections  of  the  present  paper  are  devoted  to 
theorems  which  tell  us  under  what  conditions  U,  U  csm  be  obtained  uniquely 
once  the  Q-representation  is  given  in  which  K,  K  is  to  be  triangular. 

A  summary  of  the  theorems  is  the  following: 

1)  A  necessary  condition  for  a  solution  is  that  <  q|v-I|q'  >  be  a  bounded 
function  of  q'  in  the  neighborhood  of  q'  =  q, 

2)  A  sufficient  condition  for  a  solution  U,  D  of  WU*  -  U  is  that  the 

'  o  0 


3)  A  sufficient  condition  for  the  uniqueness  of  the  solution  U,  U  of 


operator  (W-I)  be  bounded  less  than  !• 

WU  «  U  is  that  <  q|K|q'  >  and  <  q|K  |q'  >  be  bounded  functions  in  every 
inteirval,  (This  condition  is  automatically  satisfied  by  the  definition  of 
triangularity  of  K,  K  in  the  Q-representation,) 
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U)  A  sufficient  condition  that  u"  »  D  is  that  either  <  qlK|q'  >  or 
<  q|K  |q'  >  be  a  bounded  continuous  function  of  its  arguments. 

5)  An  alternative  sufficient  condition  that  U,  U  are  unique  and  U"  ■•  U 

'  o  o 

is  that  (W-I)  be  bounded  less  than  1  and  (W-I)  have  an  inverse. 


8.   Solution  of  the  Equation  for  U>  U 

The  triangularity  conditions  (7 •5)  as  applied  to  K,  K  enable  us  to  find 
a  relation  between  U  and  W,  from  which,  imder  suitable  conditions  on  W,  we  can 
find  U  explicitly  in  terms  of  W, 

Let  us  write 

(8.1)  W  =  I  +  e  _fL   • 

From  (6.3)  we  have,  using  the  fact  that  W  is  Hermitian, 

(8.2)  UW  =  U*   . 

Upon  substituting  (7.2)   and  (8.1)  into  (8.2),  we  obtain 

(8.3)  K-K*--fv-6KJV 
or^in  terras  of  the   Q-re  present  at  ion , 

q 

(8.U)  <  q|K|q'   >  -  <  q|K*|q'   >  -  <  qlXL  |q'   >  -  6   /<  q|KJq"  >  dq"  <  q"  |iijq'   >   • 

% 
In  the  integral  occuring  in  (8.U)  we  have  used  the  triangularity  property  of  K. 
Now  let  us  take  q«   <  q.     Since  <  qlK^lq'  >  ■  0,  we  have 

q 

(8.5)  <  q|K|q'  >  -  -<  qlrtjq'  >  -  6   /<  q|K|q">  dq"  <  q"   |A|q'   >  for  q'  <  q. 

Equation  (8.5)  is  our  generalization  of  the  Gelfand-Levitan  equation.     It  is 

an  integral  equation  of  the  Fredholo  type   (if  q  is  considered  fixed)  which  gives 

K  in  terms  of  JV  or  equivalently  U  in  terras  of  W. 
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One  could  iterate  (8,5)  to  obtain  a  solution  for  <  qjKJq*  >.  However, 
we  shall  proceed  in  a  different  way  by  rewriting  equation  (S,"?)  in  terms  of 
an  operator  notation. 

Let  us  define  the  operator  6(q-Q)by 

(8.6)  5(q-Q)|q«   >  -   6(q-q')|q'  ^, 

from  vrtiich  it  can  be   seen  that  on  using 

|q  >  dq  <  ql   =  I    , 


h 


we  have 

(6.7)  5(q-Q)   -    |q  ><  q|. 

We  define  the  operator     >{(q-Q)  by 

(8.8)  >j(q-Q)k'  >  -   n(q-q')|q'  >, 

where  >i(q)  is  the  Heaviside  step  function 

(8.9)  >j(q)  -  1,      q>  0, 

-  0,      q  <  0. 
Any  operator  R,  say,  which  is  triangular  in  the  sense 

(8.10)  <  q|R|q'  >  »  0,     q'  >  q 

together  with  the  boimdedness  condition  can  be  represented  as 

(8.11)  <  q|R|q'  >  -  <  qlP|q'  >  '](q-q'), 
where 

(8.12)  <  q|P|q»  >  -  <  q|R|q'  >   for  q'  <  q 
while 

<  q|P|q'  >  is  arbitrary  for  q'  >  q. 
Relation  (8.11)  can  be  written 

(8.13)  R  -  /  6(q-Q)P  ^Kq-Q)dq  ■  /   ^(Q-q)P6(q-Q)dq  , 

\  \ 

where  as  before  P  is  an  operator  such  that 
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(S.iU;         <  qlP|q'  >  -  <  q|R|q'  >,    for  q  <  q' 

and 

<  q|p|q'  >  is  arbitrary  for  q  >  q' . 

In  particvilar  P  can  be  taken  as  R,  Let  us  multiply  each  side  of  equation 
(8.5)  by  >\(q-q').  Since  <  q|K|q'  >  >l(q-q')  =  <  q|K|q'  >  we  have 

(8.l5)    <  q|K|q'  >  -  -<  q|il|q'  >  >l(q-q«) 


-  e  /  <  q|K|q'»>>|(q-q"  )dq"  <  q"  in.|q'  >>((q-q'). 


% 
In  order  that  <  q|K|q'  >  have  a  solution  it  is  necessary  that  <  q|iV|q'  >  \(q-q') 

exist  as  the  kernel  of  an  integral  operator.  We  shall  discuss  this  point  more 

fully  later.  From  (8,l5)  we  get^in  an  abstract  notation, 

(8.16)  K  -  -  /  6(q-Q)rLv^(q-Q)dq  -  £  /  6(q-Q)K  >((q-Q)iV«\(q-Q)dq. 

%  % 

We  regard  (8J.6)  as  our  equation  for  K.     We  maintain     that  if  the  operator 
Ql  ♦  eiv  >\.(q-Q)]]       exists,  then  a  solution  of  (8.l6)  is 

(8.17)  K  -  -  /6(q-Q)Cl  +  6lL>^(q-Q)j"-^iV,>((q-Q)dq. 


% 


-1 


This  can  be  shown  as  follows.  If  [_I  +  eiVr|(q-Q)^"  exists  we  have 

(8.18)  Ql  +  6lvv^(q-Q)3'-'-  [_!■>■   eiV\(q-Q)^ 

-    Ql  +   e^vi(q-Q)]    Ll  +   6-CL>^^(q-Q)3"''"  -  I  , 
from  which 

(8.19)  Ql   +   ciVv^(q.Q);]"^  -  I   -  6l^>v(q-Q)Cl   *   6A.v^(q-Q)n'"^ 

«  I  -  e    Ql  +  elv.v^(q-Q)l""JV.vi^(q-Q). 

On  substituting  K  as  given  by  (8J.7)  into  the  right  side  of  (8J.6>  w© 
obtain 
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(8.20)  K  -  -   /  5(q-Q)I\->x(q-Q)dq+6/   5(q-Q) 


.  I /6(q'-Q)(li  +  6M(q'-Q0'"'"M(<i'-Q>^^7    \(<i-Q)^n(q-Q)dq 


h 

5(q-Q)lVn(q-Q)d<l 


?1 


% 

+   e   /  5(q-Q)[;i   +   6iV\(q-Q)]"Vn(q-Q)  >l(q-Q)Av^(4-Q)dq 

-  -  /   6(q-Q)An(q-Q)dq  +  e  /6(q-Q)  Ql  +6^yi^(q-Qri' J\-\(q-Q)M(q-Q)dq. 

In  deriving  equation  (8.?0)  we  have  used  the  fact  that   6(q-Q)6(q'-Q)"  6(q-Q)5(q'-q), 
On  using   (8.19)  vre  have 

q^  q^ 

(8.21)  K  =  -   /    6(q-Q)itV|(q-Q)dq  +   /    5(q-Q)^v^(q-Q)dq 

A,  A) 

>  -  1 

-  /     6(q-Q)    Ll  -  eIl.>((q-Q)']"-^\.n(q-Q)dq, 

% 
which  is  just  (8.17).     Hence   (8.17)  satisfies  (8.16). 

Now  the  operator    [^I  +  60-Vi(q-Q)3~     will  alw^s  exist   (and  hence   (8J.7) 
will  provide  a  solution  for  K)  if  -^    is  bounded  less  than  -r— ♦  ,  for  in  this 
caselv.|(q-Q)  is   also  bounded  less  than  -^  (the  bound  cf    ^(q-o)  being  less  than 
1).     Then    Ql  +   e.ar](q.Q)]-^  is   given  by  the  series 


-1        °° 


(8.22)  Qi  ,  eiVn(q-Q)]-^  -  ^     e''(-l)"Qvn(q-Q):"  • 


n»o 


-  Z2   ' 

Substitution  of  (8.22)  into  (8,17)  gives  the  result  for  K  which  one  would 
obtain  from  iteration. 

Incidentally,  the  condition  that  -XL  is  bounded  less  than  -i — p  assures 
us  that  W  =  I  +  6  -tV  is  positive  definite. 

Having  obtained  K  we  can  find  U,  on  using  (8.19),  to  be 

>  1 

(8,23)    U  -  I  +  6K  -  1-6  /  5(q-Q)Ll  +  eiV-  >|^  (q-Q)J'-^-av|(q-Q)dq 

q- 


Y  6(q-Q)  Ll  +  6iV>^(q-Q)]"-^  dq 


and  U  to  be 
o 


(a.2U)    U  =  WU*-  (I  +  clL)  /   Ql  +  6  >|(q-Q)J\]"-'-6(q-Q)dq 

\ 

-  /  JqI  +  e  '](q-Q)i\]  +  6  v^(Q-q)JYlQl  +  6  >^(q-Q)j\]"-'-5(q-Q)dq 


?1 


»  I  *  6  /  >|(Q-q)j^[ll  +  6  v^(q-Q)-fv]''^  6(q-Q)dq. 
% 


Hence  K  is  given  by 

0 

(8.^5)  \'\  ^o'^  ■/  1(Q-q)-^Li  +  6 n(q-Q)-f\]'''"6(q-Q)dq. 

\ 

An   alternative  expression  for  K  will  prove  useful  later.  It  arises  from  the 

identity 

(8.26)         ^Q  +  e  >((q-Q)^   -  C^  +  6-fXV^(q-Q)]]"  _rv. 

The  identity  (8.26)  can  be  proved  by  multiplying  on  the  right  by  Ql  +  e  v^  (q-Q)J\l 
and  on  the  left  by  Ql  ♦  6-n_^(q-Q)]] .  The  alternative  form  K  is  then 


?1 
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1-1 


(8.27)  K^  =   /    >?(Q-q)Ll   +   6DuV|(q-Qy]'-x\.6(q-Q)dq. 

\ 
On  comparing  (8,?7)  vri.th   (8.13)   it  is  clear  that  K     has   the  desired  tri- 

0 

angularity  properties. 

It  is  easily  verified  that  K^  and  K  as  given  by  (6.2?)  and  (6.1?)  satisfy 
(8.3)  as  required. 


9.   Uniqueness  Theorems 

In  this  section  we  prove  the  uniqueness  of  the  solutions  (8.1?)  and  (8.2?) 

for  K  and  K  .  The  proof  presented  here  depends  on  the  positive  definite 

character  V, 

Theorem.  If  there  is  a  solution  U,  U  of  Wll  =  U  such  that 
'  o  o 

<  q|u|q«  >  =  6(q-q')  +  e  <  q|K|q'  > 
and 

<  q|Uol^'  ^  =  5(q-q')  *  e  <  qlK^k'  >, 

where  <  q|K|q'  >  and  <  q|K^|q'  >  are  bounded  functions  of  q  and  q' 

and  are  triangular  in  the  sense  that  they  vanish  when  q'  >  q,  then 

this  solution  is  the  only  solution  of  this  character. 

Proof.    Assume  that  there  is  another  such  solution  U   ■  I  +  K    and 

U   ■  I  +  K^   «  Then  in  addition  to  having  the  relation 
o        o  ^ 


(9.1) 

wu*  -  u^ 

we  should  have 

(9.2) 

0 

On  subtracting  we  find 
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(9.3)  W(K*-K*^^^)  -  (K  -K^^^)    . 


o     c 


Let  us  define  R  and  R    by 


(9.U)  R  -  K  -  K^^) 

0  0  0 


From  the  properties  of  K,  K^   ,  K  ,  K^^  we  find  that  <  q|R|q'  >  and 


o       o 


<  q|R    |q'  >  vanish  for  q'  >  q  and  that  they  are  bounded  functions  of  q  and  q' , 


Equation  (9»3)  can  be  written  as 
(9.5) 


q_ 
/      <  q|W|q     >  dq       <  q      |R    |q     >  -  <  q|R^|q     >  , 


from  which 


(9.6)  /    dq     /      dq"    <  r|R|q  ><  q|w|q">  <  q"   |R*|q'    > 

%       %      , 

-   /  <  r|R|q  >  dq<  q|Rp|q\ 

q 

I  I 

where  r  >  q  •  Let  us  now  let  r  approach  q  •  Under  the  boundedness  conditions 

assumed  for  R  and  R  ,  the  integral  on  the  right  of  (9.6)  vanishes.  Hence 
t      I 

q  q 

(9.7)  /     dq     /     dq     <   q    |R|q  >  <  q|W|q     ><  q    |R    |q     >  -  0. 

\  \ 

If  we  regard  <  q|R    |q  >  as  a  vector^  sayU  >,  insofar  as  it  is  a  function  of 
q,  and  if  we  regard  q     as  a  fixed  parameter,  then  equation  (9.7)  has  the  form 

(9.8)  <  J  |W|  J>  -  0   . 

Since  W  is  positive  definite,  it  follows  that    |J>  •  0,   or,   equivalently 

R  •  0«     Hence  U"U       ,U»U         and  the  solution  is  unique, 

'     o       o 
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In  Appendix  IV  we  present  an   alternative  proof  of  the  uniqueness.  However, 
it  is  not  quite  so  useful  as  the  present  proof,  because  instead  of  using  the 
positive  definite  character  of  W,  it  assumes  that  e  -^'  •  W-I  has  an  inverse. 


10.  Proof  that  U   »  U 
o 

Thus  far  we  have  discussed  only  equation 

(10.1)  WU*  -  Uq 

and  have  shown  that  under  quite  general  conditions,  this  equation  has  a  unique 

solution  if  we  specify  that  eK  ■=  U  -I  and  eK  ■  U-I  are  to  be  triangular  in  a 

specified  representation.  We  have  not  yet  discussed  our  other  requirement  on 

U  and  U  ,  namely 
o' 

(10.2)  U"^  -  Uq  . 

It  Bight  be  expected  that  the  solutions  U  and  U  which  are  obtained  from  (10.1) 
using  the  triangularity  conditions  of  K  and  K  would  satisfy  (10.2)  only  under 
rather  exceptional  conditions  on  the  weight  operator  W,  since  equations  (10,1) 
and  (10,2)  appear  to  be  quite  independent  of  one  another,  Sui-pri singly,  however, 
it  turns  out  that  rather  general  conditions  on  W  are  sufficient  to  insure  (10,2), 

We  give  two  proofs  that  U   ■  U  .  One  is  an  abstract  proof  (using  only  the 
e(juation  (l0.1))and  the  other  makes  use  of  the  explicit  solutions  (8,23)  and  (8.2I4) 
for  U  and  U  0  We  present  the  abstract  proof  here  because  it  is  valid  under  rather 

more  general  conditions.  The  second  proof  is  given  in  Appendix  V. 

,  .  t         11'  ' 

Theorem ,  If  <  q|K|q  >  and  <  q|K  |q  >  vanish  when  q  >  q  and  are  bounded 

continuous  functions  of  q  and  q  for  q  <  q  ,  then  U   ■  U  , 

Proof  ^   We  shall  prove  this  theorem  in  two  parts.  First  we  shall  prove 

UU  ■  I  (i.e.,  U  is  the  right  inverse  of  U);     then  we  shall  show  that  U~  exists, 

from  which  it  follows  that  U  =  U"'''. 

o 
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Let  us  first  prove  UU     ■  I  for  the  case  where  <  q|K|q'   >  and  <  q|K    Iq'  > 

are  matrices  (i.e.,  where  Q  has  a  discrete  spectmam)   .     Our  requirements  on  K 

and  K     are  then 
o 

(10.3)  <  q|K|q'   >  =.  0,  q'   >  q, 

<  q|KQ|q«>  =  0,  q'  >  q. 

Now  from  (10.1)  we  have 

(10  .U)  uw  =  u* 

or 

(10.5)  uwu*  =  uV  •  uUq. 

The  second  equation  follows  from  (10,1).  From  (10.5)  we  have,  on  using 

U  -  I  +  eK,  U  -  I  +  eK  , 
'  o        o' 

(10.6)  K  +  K^  +  eKK^  ■=  K*  +  K*  +  e  K*  K*, 
or,  in  terms  of  the  Q-representaticn, 

(10.7)  <  q|K|q'  >  *  <  qlK^lq'  >  +  £  <  q|KK^|q'  > 

-  <  q|K*|q'  >  +  <  q|K*|q'  >  *  e  <  qlK^K^'tq'  >. 

Now  from  (10.3)  it  can  be  shown  that  <  qlKK^Iq'  >  «  0  for  q'  >  q.  Hence  the 
right-hand  side  of  (10. 7)  vanishes  when  q'  >  q.  But  since 

<  q|K*|q'  >  -  <  qlK*|q'  >  =  <  q|K*K*|q'>  "=0,  q*  <  q, 

it  follows  that  the  left-hand  side  vanishes  ^rtien  q'  <  q.  Hence  the  right 
and  left  members  of  (10.7)  vanish  identically,  i.e.. 


This  proof  was  suggested  to  the  authors  by  Professors  J.  B«  Keller  and 
B«  Friedman. 
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(10.8)  K  +  K„  +  eKK„  -  0  -  K*  +  K*  +  eK*K. 

^  0       0  0      0 

Hence 

(10.9)  UU^  -  I  +  eK  +  6K  +  eKK  -  I, 

0  o      o    ' 

as  required. 

We  shall  now  indicate  the  generalization  of  this  proof  to  the  case  where 
Q  has  a  continuous  spectrum.  The  sole  difference  is  that  we  do  not  want  or  need 
to  require  that  <  qJKJq  >  »  <  q|K  |q  >  ■  0,  that  is,  that  K  and  K  be  zero  on 
the  diagonal.  In  this  case  our  previous  considerations  lead  us  to  the  conclusion 
that 

(10.10)  <  q|K|q«  >  +  <  q|K^|q'  >  +  e  <  qlKK^jq'  >  =  0 

for  q  <  q'      or  q  >  q' , 
and 
(10.10a)  <  q|K|q  >  +  <  qiK^|q  >  +   e  <  q|KKp|q  >  /  0 

generally. 

This  expression  (10.10a)  will  under  our  conditions  be  finite,  however,   for  all 

q.     Let  K  +  K     +   6  +  KK     operate  on  a  state    jj2  >  in  Hilbert  space  whose  Q- 

representative  <  q|^  >  is  a  continuous  function  of  q.     Then  the  Q-representative 

of   (K  +  K     +  eKK   )  1(3  >  is  given  by 
q 

/  ll<   q|K|q'    >  *  <   q|K^|q'   >  +   e  <   qlKK^Iq'    >]dq«    <   q' \g  >. 

^q 
^o 

Clearly  this  integral  equals  zero,  since,  for  fixed  q,  the  integrand  is  zero 

for  all  q«  except  possibly  for  q'  -  q,  where  it  is  finite.  Hence 

(10.11)  (K  +  Kq  +  eKKp)  Iji)  >  -  0 

for  that  set  of  states  |^  >  whose  ^-representatives  <  q|^  >  are  continuous. 
Since  this  set  of  states  is  dense  in  Hilbert  space,  one  can  extend  the  definition 
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of  K  +  K  ♦  eKK  to  the  whole  Hilbert  space,  in  which  case  (10»11)  holds  for  all 
states  |(lf  >  in  the  Hilbert  space.  Hence,  by  definition,  (10.8)  holds^  and, finally, 

so  does  (10o9)« 

We  proceed  now  to  the  second  part  of  the  proof.  We  shall  show  that  under 
the  conditions  of  the  theorem  U  has  an  inverse.  The  inverse  u"  ■  (l+eK)* 
obviously  exists  if  the  bound  of  K  is  less  than  1/|6|.  However,  this  condition 
is  too  restrictive  and  does  not  maJce  use  of  the  triangularity  properties  of  K» 
A  necessary  and  sufficient  condition  for  U  to  have  on  inverse  is  that  the  equa- 
tion \j\<jf  >  -  0  when  applied  to  any  state  \^  >  in  Hilbert  space,  imply   that 
1^  >  -  0, 

We  shall  new  appeal  to  the  theory  of  the  Volterra  integral  equation  to  show 
that  D  satisfies  this  condition  if  U  acts  on  the  set  of  states  \(if  >   whose  Q- 
representatives  <  q|9  are  continuous  functions  of  <  q\(ji   >,     U|9'  >  0  can  be 

written  as 

9. 

(10.12)  <  q|9  >  +  e  /  <  q|Klq'  >  dq'  <  q' |$J  >  -  0  . 

According  to  the  Volterra  theory  L' J  the  only  continuous  f^juiction  <  q\(j(  > 
which  can  satisfy  this  equation  if  <  q|K|q  >  is  a  continuous,  bounded  function 
of  q  and  q  is  <  q\<jl   >  -  0. 

Hence  U   exists  when  applied  to  the  set  of  states  \(jl  >  which  have  continuous 
Q-representatives.  It  follows  from  (ID.ii)  that  U  U  -  I  when  applied  to  any  state 
in  this  set.  Since  the  set  of  continuous  representatives  is  dense  in  ihe 
whole  Hilbert  space,  the  extension  of  U  U  into  the  rest  of  Hilbert  space  must  also 
be  I.  Finally,  therefore, 

(10.13)  UpU  -  I 

over  the  whole  Hilbert  space. 

In  the  case  where  q  equals  -oo,  our  reasoning  has  to  be  modified  slightly, 
for  the  Volterra  theory  cannot  be  applied  directly  to  this  case.  Instead  of  con- 


sidering  all  states  whose  representatives  <  q|^  >  are  continuous,  we  restrict 
ourselves  to  those  continuous  states  for  which  a  a  .   exists  such  that 
<  q|9  >  »  0  when  q  <  a  .  ,  The  vauLue  of  q^.  may  be  arbitrarily  small  so 
long  as  it  is  finite.  It  may  also  be  different  for  different  states.  Hence 
the  equation  (10.12)  is  replaced  by 


(10.12a)      <  q|(2l  >  +  /  <  q|K|q«  >  dq'  <  q'  |9I  >  -  G. 

*Tnin 

Then  the  Volterra  theory  may  be  applied  to  show  that  the  only  solution  in  this 
set  is  <  q|9!  >  ■  0,  and  a  reasoning  similar  to  that  used  earlier  shows  that 
U  U  ■  I  when  U  U  is  applied  to  any  state  in  this  set.  Since  this  set  is  dense 
in  the  whole  Hilbert  space,  U  U  -  I  in  the  whole  Hilb&rt  space  as  before. 

The  condition  that  <  qjKJq'  >  be  continuous  is  a  little  more  severe  than 
we  should  likej  we  should  prefer  the  condition  that  <  q|K|q'  >  be  bounded,  so 
that  we  might  include  the  case  where  there  are  a  finite  number  of  point  dis- 
continuities. The  proof  in  Appendix  V  is  valid  for  such  operators,  provided 
we  assume  that  (8.23)  and  (8.2U)  give  the  solutions  for  U  and  U  and  that  the 
operators  V.'   and  X\   exist. 


11 o  The  Second  Asymptotic  Form  for  the  Eigenfanctions  of  H;  The  Weight  Operator 

as  an  Analogue  to  the  S^cattering  Operator 

We  have  seen  that  the  triangularity  properties  of  K  and  K  in  the  Q-repre- 
sentation  imply  that  <  q|H,HjE,a  >  asymptotically  approaches  the  eigenf unction 
of  H  ,  <  q|H  ,A  ;E,a  >,  as  q  approaches  q^  (cf.  (7.1)  through  (7.U)).  One 
might  ask  for  the  asymptotic  foi-m  of  <  q|H,AjF,a  >  as  q  approaches  q  .  We 
shall  now  show  that  then  <  q|H,AjE,a  >  approaches  another  eigenfunction  of  H  , 
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Let  us  define  the  state  |h  ,B  jE,a  >  by 

(11.1)  iHo'^o*^*^  "  '  W''^l«o>^o»^*^  ^° 

First  we  show  that  W~  commutes  with  H  and  that  as  a  consequence 
IH  .B  :E,a  >  is  an  eigenfunction  of  H  . 

0   0  0 

Clearly,  since  W  commutes  with  H  ,  we  have 

(11.2)  H^  -  WH^W"^. 

On  multiplying  on  the  left  by  w'  we  find  that 

(11.3)  W"\  -  H^W'^, 
i.e.,  that  W   comoiutes  with  H  .  Now 

(ll.U)   H^|H^,B^,E,a  >  -  H^  W-^|H^,A^5E,a  >  -  W"^  H^|H^,A^jE,a  > 

-E  W"^|H^,A^|E,a  > 
-  E|H^,B^jE,a  >  . 


Hence  |H  ,B  ;E,a  >  is  an  eigenstate  of  H  corresponding  to  the  eigenvalue  E. 

There  are  obviousiy  as  many  eigenstates  |H  ,B  iE,a  >  for  a  fixed  eigenvalue 

of  H  as  there  are  eigenstates  |H  ,A  jE,a  >.  Hence  the  degeneracy  label  a  in 

|H  ,B  ;E,a  >  has  the  same  range  as  the  label  a  in  |H  ,A  jE,a  ->.  Since  generally 

IH  ,B  ;F,a  >  is  not  an  eigenstate  of  A  (this  follows  from  the  fact  that  A^  does 
'  o  o  0  o 

not  usucilly  commute  with  w"~),  we  have  introduced  the  operator  B'  as  the  operator 
whose  eigenstate  |h  ,B  5E,a  >  corresponds  to  the  eigenvalue  a. 

Equation  (ll.l)  shows  that  the  completeness  and  orbhonormality  relations 
for  |h  ,B  }E,a  >  involve  the  use  of  a  weight  operator  W  .  They  are 

(11.5)  <  H^,B^;E,a  |w^ |HQ,B^iE' ,a'  >  -  6(E-E' )6(a,a'), 

(11.6)  //  |H^,B^i£,a  >  dE  da  <  H^,B^jE,a  |W^  -  I. 
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We  maintain  that     if  q-    is  finite, 
(11,7)  liffl      [<q|H,AjE,a  >  -  <  q|H^,B^jE,a  >]   -  0, 

q  ->  q^ 

i.e.  <  q|H,AjE,a  >  approaches  the  eigenfunction  <q|H  ,B  |E,a  >  of  H  asymptotically 


o'  o' 


as  q  approaches  q, ,  To  prove  this  we  note  that 

(11.8)      w-u"^u*"^  -  u  uf 


o  o 


(cf.  (6.8).  But 


(U.9)         |H,A}E,a  >  -  U|H^,AQ,E,a  > 


UW|H^,B^,E,a> 


Uo^l"o'So'^'^  > 


^o'^o'^o*^'^  ^  • 


Hence J   since  the  triangularity  condition  on  K    , 


(n.lO)  <  q|K^|q     >  -  0       for       q    >  q     , 


Implies 

(11.11)  <  qlK*|q'    >  -  0     for  q*  <  q, 


equation  (11.9)  can  be  written 
(11.12)  <  q|H,A}E,a  > 


lHj,,B^jE,a  >  +  /  <  qlK*|q'    >  dq'<  q'|H^,B^,E,a  >, 


•  <  q     „ 

"q 

from  which  (11.7)  follows,  provided  q^  is  finite. 

If  q^  ■  +00,  the  kernel  <  q|K  |q  >  must  satisfy  soite  additional  conditions 

in  order  that  lim    f  <   q|K  |q  >  dq'  <  q'  |h  ,B  :E,a  >  vanish.  In  the  case 
q  ->+co^q     °  °  <^ 
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of  the  one-dimensional  scattering  problem  (-00  <  x  <  +00)  these  extra  condi- 
tions are  genersilly  not  satisfied;  hence  (11.7)  is  not  satisfied  (see  ref» 

M). 

In  the  boundary -value  problem  of  finding  the  eigenf unctions    |H,AjE,a  > 
the  operator  W~     plays  a  role  veiry  similar  to  that  of  the  scattering  operator 
S  in  the  initial-value  problem.     In  the  initial-value  problem  if  one  prescribes 
that  at  t  -  -00  the  solution  of  the  time -dependent  Schrodinger  equation  be 
|H  ,A  ;E,a  >,  then  at  t  ■  +00  the  solution  of  the  time-dependent  Schrodinger 
equation  is  given  by    |H  ,C  ;E,a  >  vrtier* 

(11.13)  |HQ,C^jE,a  >  -  S|HQ,A^}E,a  >. 

It  can  be  shown  that  (cf,  Eq.  (U.IO))  as  a  consequence  of  the  fact  that  the 
scattering  operator  commutes  with  H  .  |H  ,C  jE,a  >  is  also  an  eigenf unction 
of  H  .  That  is,  the  scattering  operator  S  relates  the  two  asymptotic  states 
of  the  time-dependent  Schrodinger  equation,  which  are  also  eigenstates  of  H  • 

Similarly,  from  equation  (11. 1)  the  operator  W~  relates  the  asymptotic 
form^  in  space  of  the  eigenfunction  |H,A;E,a  >.  The  operator  W~  differs 
essentially  from  S  however,  in  that  it  is  a  Hermitian  rather  than  a  unitaiy 
operator.  In  the  time -dependent  case  if  the  eigenfunctions  JH  ,A  ;E,a  >  are 
normalized  to  a  5-function,  so  are  the  eigenfunctions  S|H  ,A  ;E,a  >j  however, 
as  mentioned  above,  the  eigenfunctions  W~  |h  ,A  jE,a  >  will  not  have  a  6- 
function  normalization. 


12,  Generalizations 

Up  to  now  we  have  assumed  that  Q  by  itself  forms  a  complete  set  of 
ccmimuting  valuables  and  looked  for  a  triangular  K  in  tenns  of  this  repre- 
sentation. Let  us  now  assvune  that  Q.,  Q^****  Q_  form  a  complete  set  of 
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commuting  variables.  Then  K  and  K  .in  terms  of  this  representation, are  given 
by 

<  q-^,  Qg*  •••  "^l^lqi,  q^,  •••  q^;  > 

and 

<  q^,  ^2>  '"  \KK>  ^2'*'*  ^^  • 

If  we  assume  that  K  and  K     are  triangiolar  in  only  one  oj  the  variables,    q,  ,   say, 
i.e.,  if 

<  q^,  ^2*   •••  Si'^'^i*  '12'***'^"'''°'   '^i  ^  *L 

<  <i-^>  q2>  •••  %lKolq{.  q^,*'*  q^;  >  -  0,   ^i  ^  \ 

and  if  these  operators  obey  the  appropriate  boundedness  and  continuity  Con- 
ditions in  terms  of  the  variables  q,  and  q',  the  previous  theory  applies 
without  any  essential  alteration. 

In  fact,  if  one  writes  operators,  say  P,  and  vectors  \(jS  >   in  th«  (I'^'Q 
representation  as 

<  q^,  ^2*    '"   Si'^l*^!'  ^2*  ...  qj!^  >  S  <  q^lPlq^  > 
and 

<  q^*  ^2*  '"   <^l<^  ^  ■  <  '^il*'  ^  » 

and  regards  <  q,  |P|q,'  >  as  an  operator  and  <  q,  |;3  >  as  a  vector  in  terms  of 
the  remaining  variables^ one  can  go  through  the  previous  discussion  and  see 
that  the  formulas  remain  unaltered.  One  need  merely  interpret  continuity 
and  boundedness  in  a  somewhat  more  general  fashion  to  preserve  the  vajrious 
theorems.  We  refrain  from  doing  so  explicitly,  since  the  procedure  is  almost 
obvious. 

Tte  following  much  greater  generalization  appears  po?sible.  If  we  re- 
quire that  K  and  K  have  the  same  invariant  subspaces  in  Hilbert  space,  and 
^  o 

*  it- 

that  K  and  K  have  invariant  subspaces  orthogonal  to  those  of  K,  K^,  the 
theory  appears  to  be  valid.  If  one  works  in  a  proper  representation  one  can 
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generalize  the  concept  of  triangularity  in  terms  of  a  suitable  Q-representation 
and  carry  out  the  previous  procedure.     Perhaps  the  writers  will  sketch  this 
method  in  later  papers. 


13,     Relation  to  the  Wiener-Hopf  Integral  Equation 

The  Wiener-Hopf  integral  equation  for  two  unknown  functions  f(z)  and  g(z) 

is  written 

z 

(13.1)  f(z)  =  g(z)  +  y(2)  +  /  f(z-'t^)  ^(r)df . 

^-00 

Here  z  ranges  from  -00  to  +00.  The  functions  y(z)  and  p(z)  are  given, and 
f(z)  and  g(z),  the  unknown  functions,  satisfy  the  boundary  conditions 

(13.2)  f(z)  -  0      z  <  0 

g(z)  »  0      z  >  0  . 

It  has  been  shown  (e.g.,  ref.  [8])   that  with  certain  restrictions  on  y(z)  and  p(z) 
one  may  solve  for  both  unknown  functions  explicitly.  The  usual  procedure 
makes  use  of  the  analytic  properties  of  these  functions.  Now  we  shall  show 
that  our  equations  for  K  and  K  reduce  in  special  cases  to  the  standard 
Wiener-Hopf  equation  (I3.I).  In  terms  of  the  O-representation,  we  have 
(cf.  (8.U)) 

(13.3)  <  qlK|q'  >  -  <  q|K*|q'  >  -  <  q|ia|q'  > 

q 

-  e  /<  q|K|q"  >  dq"  <  q"  IXVlq'  >. 

•^% 

This  is  an  equation  for  both  K  and  K  .  Let  us  now  take  q^  and  q,  as  being 
-00  and  +00  i*espectively.  Furthermore,  let  us  assume  <  q|X\|q'  >,  <  q|K|q'  > 
and  <  q|K  |q'  >  are  functions  of  the  difference  q-q'  only.  We  shall  writa 
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<  q|K|q'  >  -  K(q-q') 

<  q|K*|q'>  -  K*(q-q') 

<  q|-n,|q'  >  -  a(q-q') 

where,  in  accordance  with  the  triangularity  conditions, 
(13 .U)  K(q-q')  -  0       q'  >  q 

K*(q-q')  -  0        q'  <  q. 
Equation  (3  3,3)  is  then 

q 

(13.5)    K(q-q')  -  K*(q-q')  -il(q-q')-  e  /  K(q-q"  )rL(q" -q')dq" 

If  we  now  write 

q-q»  =  z 

q"  -q'  -t  , 

equation  (13.5)  becomes 

z 

(13.5a)  K(z)  -  K*(z)  -  n(z)  -  e  /  K(z- r  )n.(  r )dr, 


-00 

where  in  accordance  with  (13 "U) 

K(z)   -0  z  <  0 

K*^(z)   -  0  z  >  0. 

o 

Identifying  K(z)  with  f(z),   K*(z)  with  g(z),   -  rL(z)  with  Y(z),and  -t  iX(z) 

with  p(z)  we   see  that   (13.5)  is  of  the  form  (13.1).     In  a  sense,   then, equation 

(13.3)   is  a  generalization  of  the  Wiener-Hopf  equation.     In  another  sense, 

however,   it  is  more  special,   since  for  our  applications  we  insist  that  O.  be 

Hermitian  and  have  other  appropriate  properties. 

Our  procedure  bears  another  resemblance  to  the  Wiener-Hopf  techniques, 

that  is^to  the  factorization  process.     In  the  Wiener-Hopf  approach,  one 
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factors  an  operator  analogous  to  W  into  a  product  of  two  exponentials.     With 
our  formalism  we  are  able  to  carry  out  this  factorization  explicitly. 
From 

(13.6)  WU*  -  Uq 

and 

(13.7)  U^  -  U"-^ 
it  is  easy  to  show 

(13.8)  W  -  U^U^. 

Wa  caji  write 

A  A* 

(13.9)  W  -  e^e*  . 

If  K     is  triangular  in  the  Q-representation,  we  have 

(13.10)  A  -  log  U^-  log  jl   +   6   /  >|(Q-q)[l   ♦   ea>l(q-Q)]'Vl.5(q-Q)dqV, 

and  hence  A  also  is  triangular  in  this  representation.  From  (13.7)  we  may 
write 

(13.11)  U  "  "o^  "  ®"'^  • 

Equations  (13.9)  and  (13,11)  suggest  the  following  alternative  procedure 
for  obtaining  triangular  solutions  of  (13.6)  which  satisfy  (13.7).  Since  W 
is  positive  definite,  log  W  can  be  defined.  Equation  (13.9)  can  then  be 
written 

(13.12)  el°S  V  .  ^A  ^A*^ 

If  we  can  find  an  operator  A  which  is  triangular  in  the   Q-representation  such 
that   (13.12)  holds,  then  it  can  be  shown  that  a  solution  of   (13.6)  which 
satisfies  both  the  triangularity  requirement  and  equation  (13,7)  is 

(13.13)  Uq  -  e^,  U  -  e"'^  . 
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lU.     The  Case  where  the  Spectra  of  H  and  H     do  not  Coincide 

From  our  theory  the  operators  U  and  U     can  provide   a  Hamlltonian  H,  where 

(lU.l)  H  -  UH^Uq  =  UH^U''^' 

such  that  the  spectrum  of  H  coincides  with  that  of  H  .  This  fact  follows 

from  the  result  that  H  and  H  are  related  by  a  canonical  transformation, 

o 

If  we  wish  to  obtain  Hamiltonians  H  only  part  of  whose  spectrum  coincides 
with  that  of  H^,  and  if  we  wish  to  preserve  at  least  an  analogue  of  (llt.l)  and 
the  equation 
(1U.2)  VJU*  -  U^,      Uq  -  U'-"-, 

then  we  must  extend  the  domain  of  definition  of  H  and  H  such  that  the  spectra 
of  the  extended  operators  H  and  H  coincide  and  consist  or  the  sum  of  that 
part  of  the  spectrum  of  H  which  coincides  with  the  spectrum  of  H  ,  that  part 
of  the  spectram  of  H  which  lies  outisde  of  the  spectirum  of  H  ,  and  that  part 
of  the  spectram  of  H  which  lies  outside  the  spectrum  of  H.  Then  for  the  ex- 
tended operators  H  and  H  it  is  possible  that  operators  U,  U  ■  U~  exist 
such  that 
(IU.3)  H  =  UH^^U'-'-  . 

Two  facts  ought  to  be  noted  about  the  extension:  1)  the  extension  can  not 

be  completely  arbitrary  because  the  perturbation  eV  «  H  -  H-,,in  order  to  be 

useful,  must  also  be  equal  to  eV  =  H  -  H  .  For  only  in  this  case  can  it  be 

said  that  H  -  H     ■••  cV  has  a  meaning:       2)  the  space  of  the  extended  operators 
o 

H  and  H  may  be  greater  than  Hilbert  space.  This  can  be  seen  from  the  special 

examples  treated  in  reference  [2^, for  example,  where  the  Hamlltonian  H  has 

point  eigenvalues  in  addition  to  a  continuous  spectrum  which  coincides  with 

that  of  H  ,  and  where  H  has  only  this  continuous  spectrum.   '• Eigenf unctions " 

of  H  are  introduced  whose  "  eigenvalues"  equaj.  the  point  eigenvalues  of  H« 
o 
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These  "  eigenf unctions "  of  H  are  not  those  iriiich  span  Hilbert  space.  Their 
introduction  corresponds  to  an  extension  of  the  definition  of  H  into  a  larger 
space*  We  hope  to  indicate  the  nature  of  the  extension  for  general  cases  in 
a  more  abstract  fashion  in  a  later  paper. 


l5»  A  Necessary  Condition  for  the  Triangularity  of  K ,  JC,, 

For  many  weight  operators  W  there  are  generally  many  representations  such 

that  we  can  find  unique  operators  U  »  I  •••  eK  and  U  ■  I  +  eK  such  that  K  and 

'^  o        o 

K  are  triangular  in  these  representations.  To  get  unique  solutions  for  U  and 
U  ,  one  must  specify  which  of  these  representations  one  wishes  to  usej  one 
should  choose  from  physical  considerations  the  one  in  which  the  perturbed 
eigenf unctions  approach  the  unperturbed  eigenfunctions  asymptotically. 

It  should  not  be  assumed,  however,  that  once  a  positive  definite  operator 
W  »  I  •♦■  6  -H-  has  been  given  it  is  possible  to  choose  any  representation  for 
triangularity  of  K,  K  .  Generally,  once  W  has  been  given,  there  is  a  restricted 
class  of  representations  in  which  K,  K  can  be  triangular, 

A  useful  necessary  condition,  which  we  have  discussed  earlier,  for  the 
triangularity  of  K  and  K  is  the  following:  In  order  that  K,  K  be  triangular 
in  the  Q-representation,  the  operator 


^1 

/  5(q-Q)rVv^(q-Q)dq 


must  exist. 

This  condition,  which  follows  from  equation  (8,16),  enables  us  to 
discard  representations  in  which  K,  K  cannot  be  triangular.  For  example. 
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if  fi.    is  a  constant,  then  the  operator 

6(q-Q)nv^(q-Q)dq  -il  /  5(q-Q)  v^(q-Q)dq. 

q 

But  the  operator  /  5(q-Q)  *((q-Q)dq  is  not  defined  for  any  Q-re  pre  sent  at  ion. 

Hence  if  Xt^  or  equivalently  W, is  a  constant,  K,  K  cannot  be  triangular  in 

any  representation.  At  most  we  can  require  that  K,  K  be  diagonal  in  the  Q- 

representation,  i.e.,  singular  along  the  diagonal.  In  this  case  it  can 

be  shown  that  the  most  general  solution  for  U  and  U  which  satisfies 

WU*  -  U  ,  U  -  U"-^  is 
o'  o 

U  -  (W)"  ^  e^^^^\ 

(15.1)  3^ 

U^  -  (W)^e-^®(Q)^ 

where  C(Q)  is  an  arbitrary  real  function  of  Q.  In  the  case,  for  example, 

where  H  in  the  Q-representation  is  given  by  -i-rr  (-oo<  q<  cxs),  w©  have 
o  oq 

(15.2)  H  -  -i  ^*  &'(q), 

where  the  prime  indicates  the  derivative. 

An  example  of  a  representation  in  which  K,  K  cannot  be  triangular  for 
any  ri  is  the  H  -representation,  for  in  this  case,  since  -^^  always  commutes 

with  H  ,  we  have 

^1  ^1 

(15.3)  /   6(q-H^)rLv^(q-H^)dq  -n  /  5(q-H^)>l(q.H^)dq 

\  \ 

irtiich  again  is  undefined.  In  (l5.3)  we  have  labeled  the  eigenvalues  of  H^  by 
q  instead  of  E,  as  in  earlier  sections  of  the  paper.  As  before,  the  require- 
ment nearest  to  triangularity  which  we  can  impose  is  that  K,  K^    be  diagonal 
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in  the  H^  representation  In  this  case  the  general  solution  for  U,  U  is 
similar  to  that  obtained  for  the  previous  case,  namely 

-iiO(H  ) 

u  -  (w)  S   **  , 

(15.U)         "    T 

i  -ie(H^) 

U^  -  (W)2  e     °  , 
where  9{H  )   is  an  arbitrary  real  function  of  H  •   Now  we  have 
(15.5)  H  =  Hq 

and  the  effect  of  the  transfomation  U  is  merely  to  change  the  normalization 
of  the  eigenfunctions  of  H  • 


16 •  A  Simple  Example 

An  example  which  provides  us  with  exact,  unique  solutions  D,  D  of 

♦  -1 

WU  ■  U  such  that  U  -  U  and  K,  K  are  tidangiilar  in  a  specific  representa- 
tion will  now  be  given.  Let  us  take  the  Q-representation  to  be  the  usual 
x-re presentation,  i.e.,  let  the  eigenvalues  q  lie  in  a  continuum  between  -oo 

and  +00.  Further,  let  H  be 
'      o 

(16.1)  hQ  .  -i  ^  , 

where  the  superscript  Q  denotes  that  H  is  expressed  in  the  Q-representation. 
Then  it  is  clear  the  spectrum  of  H  lies  in  the  continuum  between  -oo  and  +oo. 
The  eigenfunctions  in  the  Q-representation  are  given  by 

(16.2)  <  q|H  ,E  >   -  -i-  e^^\ 

In  th»  previous  section  we  have  already  considered  the  case  where  W  is  a  con- 
stant. Let  us  choose  an  -CL  such  that  W  ■  I  +  e  Pl  is  positive  definite  and 
6(q-Q)rLV](q-Q)dq  exists.  Such  an  ri  is  given  by 
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(16.3)  A    -     ^°-     g    ,  a  >  0 

H     +   a 
and  ° 

(16.U)  W  -  I  +  26     g  °     g   . 

It  is  clear  that  W  is  positive  definite  for  e  >  -  ^o     We  shall  restrict  our- 
selves to  such  values  of  e.     It  is  easy  to  show  that 

+  00 


(16.5)         <  qln  |q'  >  -  2a  /   <  q|H^jE  >  -j^^  <  H^iEJq'   >  dE  - 

J  E  +a 

^-00 


e-°|q-qM. 


To  show  that  /  5(q-Q)nv^(q-Q)dq  exists  we  write  it  in  the  Q-representation: 

(16.6)  <  q|  /5(q"  -Q)!!  >((q"  -Q)  |q«  > 

-  <  ^\Q.W  >\  (q-q') 
.•-(^-<l')%(q.q.). 

The  integral  operator  with  this  kernel  clearly  exists.  The  integral  equation 
for  <  q|K|q»  >  is 

q 

(16.7)  <  q|K|q'  >  -  -""^^-^'^-e  /  <  q|K|q"  >  e""'^"  -^'  'dq-  . 

It  is  easy  to  show  that  a  solution  of  this  equation  is 

(16.8)  <  q|K|q'  >  -  \   (a-Y)e-Y^^-^' N(q-q' ), 
where 

(16. Pa)  Y  ■  /a^  +  2a  e, 

or 

(16.9)  <  q|U|q'  >  -  6(q.q')  +  (a-Y)e"°^'l"'l' ^  n(q-q'). 

Hence 

(16.11)  <  qlU^lq'  >  «  5(q-q')  ♦  (Y-a)e-°^^-'^'^  Mq-q'). 

K,  K  satisfy  the  conditions  for  the  uniqueness  thoorem  of  Section  9. 
o 
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Hence  (16,9)  and  (16.11)  are  the  only  solutions  of  WU  «  U^  in  which  K  and 

K  have  the  desired  triangularity  properties. 
o 

Actually,  (16.7)  has  another  solution  for  e  <  0,  It  is 
(16.12)  <  qlK|q'  >  -  7  (a+Y)e^^'^''^' ^  l(q-<l'). 


However,  it  can  be  shown  that  this  solution  has  the  property 

q»   q< 
(16.13)   /   /  <  q'  iKJq  >  dq  <  q|V|q"  >  dq-<  q"  |K*|q'  >  -  ^  |^  <  0 

^-00'^- 00 


since  e  <  0,  and  a  >  y     Hence  <  q|K    |q'  >  considered  as  a  function  of  q, 
with  q'   fixed,  is  outside  the  domain  where  W  is  positive  definite.       But 
since  we  prescribe  W  to  be  positive  definite,  we  reject  this  solution.     On 
the  other  hand,   the  first-mentioned  solutions  for  K  and  K     are  in  the  domain 
where  W  is  positive  definite.     This  example  illustrates  how  the  positive  de- 
finite character  of  W  is  used  to  select  unique  solutions  for  K. 

It  is  easy  to  show  that  U       ■  U  ;  using  the  explicit  forms   (16.9)  and 
(16.11)    and   carrying  out  the  integrations,  the  following  is  proved: 

+  00 
(16.1U)  /  <  q|UQ|q">  dq"<  q"   |U|q«   >  «=   5(q-q') 

«/-oo 

+  00 

(16.15)  /  <  q|U|q">  dq"<  q"  (U^lq'   >  -   6(q-q'). 

•^-00 

Of  coiirse,  this  result  was  to  be  expected  in  view  of  the  theorems  of  Section  10. 

The  example  that  we  have  discussed  here  has  the  virtue  of  illustrating 
the  theorems  discussed  earlier.     However,  it  is  somewhat  trivial  in  the  sense 
that 

(16.16)  H  '  UH^U^  '  Hq  , 


-  U3  - 

as  follows  from  the  fact  that  U  conumites  with  H  .  In  fact,  with  our  choice 

o         ' 

of  H  and  q,  U  will  always  commute  with  H  for  any  W  which  is  such  that  U, 
U  can  be  obtained  uniquely.  This  result  is  a  consequence  of  the  fact  that 
<  q|U|q«  >  will  always  be  a  function  of  the  difference  q-q»  and  frou:  this  it 
follows  that  <  H^}E|U|H^jE'  >  is  diagonal  and  thus  commutes  with  H  .  We  re- 
frain from  giving  details.  With  these  choices  of  W,  however,  the  perturba- 
tion V  ■  0  is  unique.  Since  the  cases  treated  in  previous  papers  are  all 
special  cases  of  the  procedure  discussed  herein,  tney  also  provide  examples 
of  how  to  obtain  the  potential  from  the  weight  functions. 


17,  Triangularity  of  Operators  and  Asymptotic  Conditions  on  Eigenfunctions 

irtien  q  ■  -co 
^  

In  Section  7  it  was  indicated  that  triangularity  of  the  operators  K  and 
K  is  not  sufficient  to  guarantee  that  <  q|H,AjE,a  >  approaches  <  qJH  ,A  ;E,a  > 
as  q  -o  q^  in  the  case  where  q^  ■  -co  (or  +oo).  The  triangularity  conditions 
are  usually  sufficient,  however,  to  permit  one  to  obtain  unique  solutions  U, 
U  ,and  hence  a  potential  V^ f rom  a  given  weight  operator  W,  as  seen  from  the 
previous  work. 

In  particular,  the  problan  of  Section  16  provides  us  with  an  example 
\rtiere  the  triangularity  conditions  yield  unique  operators  U,  U  and  V,  but 
where  the  asymptotic  conditions  fail.  To  show  how  the  conditions  fail  we 
note  that  on  using  K  as  obtained  from  Section  16  we  have 

q 

(17.1)        /  <  q|K|q'  >  dq'  <  q-  |H^jE  >  -  1^  (r^iE)'^  e^^^. 

Hence  the  expression  /  <  qlKJq'  >  dq»  <  q'jH^jE  >  clearly  does  not  approach 
zero  as  q  -e>  -oo .  We  have  in  fact  for  finite  q : 


-  uu  - 

(17.2)  <  q|H}E  >  "  <  qlH^jE  >  [l  +  {a-r){v^)'    D- 

Hence  the  eigenf unctions  <  q|HiE  >  are  also  eigenf unctions  of  H^,  which, 
of  course,  was  to  be  expected,  since  H  ■  H  . 

We  shall  now  give  two  sets  of  sufficient  conditions  on  W  (or  equivalent- 
ly  A)  to  guarantee  that  the  triangularity  condition  implies  the  asymptotic 

condition  (7.1) • 

The  first  sufficient  condition  is  based  on  the  observation  that  if  there 
is  a  q^.  such  that  <  q|K|q'  >  vanishes  when  q  <  q^^>  then 

q 

(17.3)  lim    /  <  q|K|q'  >  dq«  <  q'|H^,A^jE,a>  «  0. 

Theorem:  If  there  is  a  q^^^  such  that  <  q|rL|q'  >  vanishes  when  q  <  q^.  ,  then 

lim   [<   q|H,AjE,a  >  -  <  qtHQ,A^;E,a  >|  -  0 
q->  -00  I-  -* 

Proof;        Since  ri  is  Hermitian,  the  condition 


iiin 


(17 .u)         <  qlrilq'  >  -  0  <5<  q^i 

implies 

(17.5)  <  qlnlq'  >  -  0  q'  <  q^^^   . 

The  equation  for  <  qlKJq'  >  is 

q 

(17.6)  <  q|K|q'  >  --<  qlAlq'  >  -  ey^     <  q|K  |q"  >  dq"  <  q»    jfL  |q'  >  ,  (q'<  q)' 

Tnin 
Now  when  q  <  q.        and  q'  <  q , 

(17.7)  <  q|K|q'  >  -  0, 

as  follows  from  (I7.1i),  (17.5)  and  (17.6).  Hence  (17.3)  is  valid  and  the 
asymptotic  condition  holds. 
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The  sufficient  condition  which  we  have  stated  is  somewhat  severe  in 
that  we  may  expect  (17.3)  to  hold  even  if  q  .  does  not  exist,  provided 
that  <  q|rL|q'  >  approaches  zero  sufficiently  rapidly  as  q  ->-oo.  This 
leads  us  to  our  second  sufficient  condition. 

Theorem;  Let  <  q|H  ,A  }E,a  >  be  a  bounded  function  of  q  for  sufficiently 
small  q,  and  let  <  q|K|q'  >  be  an  absolutely  integrable  function  of  q' ; 
further,  let  |<q|rL|q'>|  <  r(q')  for  all  q,  >rtaere  r(q')  is  a  function 
such  that 

q 

/  r(q»)dq'  <  oo. 
Then 

lim    /  <  qlK|q'  >  dq»  <  q' |H^jA^;E,a  >  -  0 
q->-oo  ^-00 
and  thus 


lim   p  q|H,AjE,a  >  -  <  q\]{^,A^iE,ai  >  |  -  0, 

i_.->  -fin  ' —  J 


q->-oo 
Proof;        From  (17.6)  we  have 

q 

(17.8)  |<  q|K|q«  >|  <    |<  q|rL|q'   >l   *  /    l<  q|K|q">|dq"  |<  q"  |a|q»  >|, 

^-00 

where  q«  <  q.     However,  from  the  conditions  of  the  theorem     and  the  Hermitian 
property  of  H.,  we  see  that  if  q  (and  hence  q')   is  sufficiently  small,  then 

(17.9)  |<  qlalq'  >|  <     r(q'), 

(17.10)  |<  q"  |n.|q'>l  <  r(q'). 
Hence 

q 

(17.11)  |<  q|K|q'  >1  <  r(q')+r(q«)   /    |<q|Klq"    >ldqM    . 

^-00 

The  integral  on  the  right  of  (17.11)  exists^ in  accordance  with  the  assumption  5 
of  the  theorem.  For  the  same  reason  we  can  write 
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q 


(17.12)      /  |<  q|Klq«  >  |dq'  <  /  r(q')dq«[l  +  /  |<  q|K  |q"  >|dq"^ , 
^-00  ^-00  '^-co 


•00 

or 

q 


(17.13)      /  |<  qlKJq'  >  |dq'  U  '  /    r(q')l  <  /  r(q')dq«  . 

^-00  '^-00  ^-00 

If  q  is  sufficiently  small  we  have 

q 

(17.11i)  1  -  /  r(q')dq'  >0. 

Hence  for  such  values  of  q, 

q  q       /    ^ 

(17.15)  /    1<  q|K|q«   >|dq'   <  /    r(q«)dq'    /[l  -   /   r(q«)dq»  J    . 

>^-00  "'^-OO         '       ^-00 

Therefore 

q 

(17.16)  lim    /  |<  qlKJq'  >|dq«  «  0. 

Now         q  q 

(17.17)  I  /  <  q|K|q'  >  dq'  <  q- |H^,A^;E,a  >|  <  B  /  |<  q|Klq'  >ldq', 

■^  -GO  ^  -00 

where  B  is  the  bound  of    |<q|H  ,A  jE,a  >|  which,   in  accordance  with  the 
assumptions  of  the  theorem,  must  exist. 
Hence,  from   (17.16)   and  (17.17) 

q 

(17.18)  lim         /  <  qlK|q'  ><  q' lH„,A^}E,a  >  =  0, 

-00 


*o'*o' 
q->-oo 


and  our  theorem  is  proved. 

It  should  be  noted  that  for  the  case  discussed  in  Section  16  it  is  not 
possible  to  choose  an  operator  iX  such  that  the  above  conditions  are  satis- 
fied. This  follows  from  the  fact  that  <  q|rL|q'  >  is  a  function  of  the  difference 
q-q'  for  all,  suitable  operators  XV  -vrfiich  yield  triangular  operators  K,  K  . 
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Appendix  I 
Expressions  for  U-,  S,  S~ 

Usj.ng  equation  (3.7)  we  have 

iH  t  -iHt      iH  t   -iH  t 
(l-l)  e  °  e     U_  -  e  °  U_e   °  . 

Using  (3.9)  with  U  »  U   ,  and  using  the  fact  that  L  commutes  with  H  ,  we 

obtain 

iH  t       -iH  t  /  -i(E-H^)t 

(1-2)  e     °Ue       °.L+6/=rV     e  °     VU  6(E-H   )dE. 

J    E-H^  -  o 

Now  it  can  be  shown  that 

-i(E-H   )t 
(1-3)  lim         =r4r-  e  -  T  in6(E-H^) 

t-^  ±00  ^""o  ° 

when  both  sides  of  the  equation  are  applied  to  appropriate  states  in  Hiibert 

space.  Hence 


iH  t     .    .  /> 

(I-U)       lim     e     °  e     "tJ_|0  >  -  Hi?  >  +  in  /  5(E-H  )VU_6(E-H   )dE|9  >  -    |;3  >, 
+.— >-oo  "  -^  ~ 


iH_t 

t— >-oo 

from  which  (U.5)   follows.     Equation  (U.l5)  is  obtained  similarly.     To  get  the 

expression  for  S  one  shows,  using  (1-3)  and  (U.5),  that 

iH  t     .  / 

(1-5)     lim     e     °  e"^     U    |?  >  •  L|{2)  >  -in  /  6(E-H   )VU  6(E-H   )dE|5r  > 
t->+oo  '  ,/  o       -  o 


r  I-2in   /5(E-H^)VU_6(E-H^)dE 


>, 


The  expression  for  S~  is  obtained  similarly. 
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Appendix  II 


Proof  of  U*  U     -  I 


Let  us  consider  the  equation  with  the  negative   subscript.     From  (U.6) 
we  have 

(Il-l)  U*U     -   I  +  c  /y  (E-H   )VU  6(E-H   )dE  +  6  /  6(E-H„)U*VY*(E-H„)dE 

+  6^   /y6(E-HQ)U*Vr*(E-HQ)Y.(E'-HQ)VU_5(E'-Hp)dEdE', 
where 

(II-2)  Y*(E-H^)   -  *  in5(E-H^)  +  ~-  -  -  Y.CH^-E)   . 

o 

Now,  it  can  be  sbown  that  the  functions  y  (x)  satisfy  the  identity 

(II-3)        Y^(x)Y^(y)  •  Y^(x+y)  [y^(x)  +  Y^(y)]. 
Hence 

(II-U)      y*(e-h^)y.(E'-Hq)  --y.(h^-e)y.(e'-h^) 

--Y.(E'-E)    [y.(Hq-E)   +  Y_(E'-Hq)1 
-  Y.(E'-E)    [y!(E-Hq)   -  Y.(E'-H^)]    . 
Then  the  fourth  term  on  the  right  of  (ll-l)  is  given  by 
(II-5)  ^  JJ b{Y,'\\^)M^J  Yt(E-HQ)Y.(E'-H^)VU_6(E'-HQ)dEdE' 

-  6^^y.(E'-E)6(E-Hq)U*V  Yt(E-HQ)VU_6(E»-Hjj)dEdE« 

-  e^  iff  (E'-E)6(E-H   )U*V  Y  (E'-H„)VU  5(E»-H   )dEdE» 

^/^-  0--  o-  o 

=  6^   /Y.(E'-H^)|y   6(E-Hq)U*V  Y*(E-Hg)dE  VU_5(E«-H^)dE' 

-  e^y  5(E-H^)U*V   [yV_(E'-HQ)VU_5(E'-HQ)dET  Y.(HQ-E)dE. 

In  equation  (II-5)  we  have  used  the  fact  that 
(II-6)  f(E)6(E.H  )   =  f(H  )6(E-H  ), 
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where  f(E)  is  any  function  of  E.     In  the  last  equation  of  (lT-5),  we  write 

je  /6(E-H^)u\  Yt(E-HQ)dE|   -  U*  -  I 

6   /Y_(S-HQ)VlI_6(E-H^)dFl   -  U_  -  I 

so  that  after  rearrangement  of  terms  the  fourth  term  on  the  ri^ht  of  (ll-l) 
becomes 

(II-7)  e^  //'6(F^Hq)U*V  Y*(E-HQ)Y.(E'-HQ)VU_6(E'-HQ)dEdE« 

-  -6  / Y  (E-H„)VU  5(E-H   )dE  -  e  /5(E-H^)U*V  y*(E-H  )dE 

♦6   /Y.(E-HQ)U*VU_5(E-nQ)dE  -  6  /5(E-HQ)U*VU_Y.(HQ-E)dE. 

The  first  two  terms  on  the  right  of  (n-6)  cancel  the  second  and  third  terms 
on  the  right  of  (ll-l). 

We  can  write  the  last  two  terms  on  the  right  of  (II-7)  as 

(II-8)    e  /Y.(E'-HQ)U*VU_6(E'-KQ)dE>  -  ey  6(E-HQ)U*VU_Y.(HQ-E)dE 

-  e^Y_(E'-E)6(F-HQ)U*VU_6(E'-HQ)dEdE' 

-  8  // 6(E-H^)U*VU_Y.(E'-E)6(E'-HQ)dEdE'  B  0, 

Hence  the  third  term  on  the  right  of  (II-l)  merely  cancels  the  second  and 
third  terms  and  we  are  left  with  our  desired  result 

U*  U_  -  I. 

Thft  relation  U*  U  -  I  is  proved  similarly. 
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Appendix  III 


Proof  of  U  »  U  M^ 


Let  us  prove  U  =  U  M  .  From  equations  (U.6)  and  (5.1)  we  hava 
(III-I)   U*U  -  M_+  c  /y_(E-H^)VU  6fE-H^)dE  +  c y diE-li^)^^  Y*(E-H^)dEM_ 

+  e2/A(E-H^)U>  Y!(E-H^)Y.(E-H^)VU5(E-H^)dEdE. 

By  a  procedure  similar  to  that  used  in  Appendix  II,  one  can  show  that  the 
fourth  term  on  the  right  of  (lll-i)  cancels  the  second  and  third  term.  Henc« 

(III-2)  U*U  -  M_. 

Finally,  on  using  the  completeness  illation  (U.25)  we  have  the  desired  result. 
The  relation  U  =  U  M  is  proved  similarly. 
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Appendix  IV 

Alternative  Uniqueness  Theorem 


Theorem:       If  the  inverse  of 


I  +  en  >](q-Q)  exists  and  is  unique  and 
if  the  inverse  of  I'L  exists^  then  the  only  possible  solution  of  (8,16)  for  K 
is  given  by  (8.17  ). 

Proof :         From  the  triangularity  properties  of  K  we  may  write 

'^l 
(lV-1)  ^  "/   6(q-Q)K>((q-Q)dq. 

Equation  (8.17)  may  then  be  written 

(lV-2)         /   5(q-Q)K  >|(q-Q)|l  +  eO  v^(q-Q)jdq  =  -  /5(q-Q)n  >|(q-Q)dq. 
\  % 

Now  K  is  to  be  a  triangular  operator  such  that  <  q|K|q'   >  ■  0  for  q»  >  q. 
Accordingly  it  must  always  be  possible  to     represent  K  in  the  form  (see   (8,13)) 


(lV-3)  K-/     5(q-Q)P  i](q-Q)dq, 


% 

where  <  q|P|q'  >  »  <  q|K|q'  >  for  q'  <  q.  If  A  has  an  inverse  we  can  always 
find  an  operator  T  such  that 
(IV-U)  T  -  Pi\  . 

Hence  the  general  expression  for  a  triangular  operator  K  can  be  written 

^1 
(lV-5)  ^  '  /  S(^'^)Tl\^(q-Q)dq. 

It  is  our  objective  to  obtain  the  most  general  operator  T  which  will  allow 
K  to  satisfy   (lV-2).     Having  obtained  this  operatcjr  we   shall  obtain  from  (lV-5) 
the  most  general  K  which  can  satisfy  this  equation.     Let  us  substitute   (lV-5) 
into   (lV-2)  to  obtain  an  equation  for  T.     The  left-hand  side  becomes 
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-  ^1 


(lV-6)    /6(q-Q) 


/5(q'-Q)Til>((q'-Q)dq'  n(q-Q)*P  *   6Clv|(q.Q)Jdq 


"1 

•  /6(q-Q)TrL>l(q-Q)>|(q-Q)  [l  +  6av^(q-Q)jdq 


% 


5(q-Q)Tnv\(q-Q)ri  +  c^  V)(q.Q)|dq 

L 
5(q-Q)T  Fl  +  6riV((q-Qm>|(q-Q)dq  . 


In  (IV-6)  we  have  used  the  relations 

(lV-7)  5(q-Q)5(q'-Q)  «  5(q-Q)6(q-q') 

(iv-8)         >((q-Q)n.(q-Q)  "  ^(q-Q). 

Hence  we  have  from  (lV-2)  an  equation  for  T,  namely 

qi  \ 

(lV-9)  /6(q-Q)T    [l   +   erL>|(q-Qm  Y((q-Q)dq  -  -   /5(q-Q)Ilv((q-Q)dq. 

%  % 

Equation  (lV-7)  is  of  the  form 

^1  \ 


/5(q-Q)A\(q-Q)dq  »   /6(q-Q)B  >j(q-Q)dq, 


(lV-10) 

%  \ 

where  A  and  B  are  two  operators.     In  terms  of  the  Q-repre sentation  (lV-10) 
reads 

flV-ll)  <  q|A|q'   >l(q-q')   «=<q|B|q'   >n(q-q'), 

which  means 


(lV-12)  <  q|A|q'   >  -  <  q|B|q'   >^  for  q«   <  q, 
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(lV-13) 


<  q|A|q«  >  »  <  q|C|q'  >,     for  q'  >  q. 


where  C  is  an  arbitrary  integrable  operator.  Let  us  take   C  ■  B  +  D 
>rtier9  D  is  arbitrary j then 

(IV-U)        <  q|A|q'  >  -  <  q|B|q'  >  +  <  q|D|q'  >  >}(q'-q)^ 

or  q^^ 

(lV-15)        A  -  B  +  /  6(q-Q)D>j^(Q-q)dq. 


Equation  (lV-15)  is  the  most  general  solution  of  (IV- 10)  for  A  in  terms  of 

B.  Let  us  identify  A  with  T  I  +n>|(q-Q)  H  of  equation  (lV-9)  and  B  with 
-  ri  «  Then  we  have 

(lV-16) 


"1 

t[i  +rin(q-Q)]-0.-  -^*  /   6(q-Q)D  vj(Q.q)dq, 


from  which 
(lV-17) 


-1 


T  »  -il  +  eI\>\(q-Q)l"-'-  +  /  5(q'-Q)D  >|(Q-q' )dq' I\ 

% 

•  [l  +  eHv((q.Q)J-l  ^ 


This  is  the  most  general  solution  one  can  obtain  for  T.  With  this  T  one 
obtains  the  most  general  solution  for  K,  on  using  (TV-5),  namely 


(lV-18)  K 


/6(q-Q)T(\v((q-Q)dq  -  -  /6(q-Q)  ll  +  eav|(q-Q)  |'-'-I\>|(q-Q)dq 
^1     r  "^ 


.-% 


y  5(q-Q)  y  6(q'-Q)D^(Q-q')dq«  A*^  h   +  6l\V(q-Q)1'''"»Xl>j(q-Q)dq. 


Now  the  first  term  on  the  right  is  the  solution  which  we  obtained  previously. 
The  second  term  will  be  shown  to  be  zero;   it  becomes 
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"^1 
(lV-19)        /6(q-Q)D  >|(Q-q)A'-'-(\>|(q-Q)  fl  +  6av|(q-Q)J"^  dq 


^    q^ 


since 


-y  6(q-Q)D>((Q-q)  ^((q-Q)|l  +  6av|(q-Q)1"^  dq  -  0 
% 


(lV-20)  ^(Q-q)  ^(q-Q)  -  0. 

In  (TV-19)  we  have  used  the  fact  that  riVj(q-Q)  commutes  with  I  +  eRvj(q-Q)  '  , 
a  result  obtained  from  equation  (8.19). 

We  have  thus  shown  that  under  our  assumptions  I  +  6-C\->](q-Q)  "  and 
.TL  "■'■  exist  and  are  unique,  and  that  hence  the  only  solution  for  K  is  given 
by  (8.17). 
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Appendix  V 

Alternative  Proof  that  U   -  U 
^ 0 

Theorem:      If  the  conditions  on  A.  are  such  that  the  equation  WU  ■  U 
has  the  solutions  U  and  U  given  by  (8.23)  and  (8,2U),  and  such  that  1\~ 

exists,  then  u"  «  U^. 
'  o 

We  shall  first  prove  th«t 
(V-1)  UUq  -  I 

or^  what  is  the  same,  that 

(V-2)  K  +  K^  -  -e  KK^o 

It  will  be  convenient  to  introduce  the  notation 

(V-3)  A"^(q)  -  I  +  erLK((q.Q)^ 

(V-U)  A(q)  -  [l  +  eI\7(q-Q)J"\ 

from  which 

(V-5)  A^'-'-Cq)  -  I  +  e>i(q-Q)rL 

(V-6)  A*(q)  -  [l  +  e  >((q-Q)ivJ"^  . 

Now  in  terms  of  A(q)  we  have  from  (8.17)  and  (8.2?) 
(V-7)  K  -  -  /  5(q-Q)A(q)rL>|(q-Q)dq, 


% 


?1 


(V-8)  '^o  "  /  ^KQ-'^)A(q)i'^5(q-Q)dq, 


Kence 
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(V-9)        KK^  -  -  /      /dqdq'   5(q-Q)A(q)Av|(q-Q).  V|(Q-qi)A(q')ri6(q'-Q), 

%     % 
Now  using  the  facts  that 

(V-10)  /  5(q-Q)dq  -   I 

% 
and 

f  5(q-Q)  >|(q'-Q)  -  ^(q'-q)5(q-Q) 
(V-11)  \ 

[6(q-Q)  V|(Q-qt)   -   >|(q-q' )6(q-Q), 

wt  see  that  from  (V-7)  and  (V-8)  we  can  write 

(V-12)  K--/      /     dqdq'   6(q-Q)  >^(q-q«)A(q)a6(q'-Q)^ 

%     % 

(V-13)  h'/    /    **^^'^'    S(q-Q)  ^(q-^')A(q')il6(q'-Q). 

%     % 
Hence  q.    q, 

(V-Ui)  K+K^  -   /    /dqdq'    6(q-Q)  >/ (q-q' )  rA(q')-A(q)  |rL6(q'-Q)  . 


^o  ^o 


Now 


(v-13)  A(q«)   -  A(q)    -  A(q)  rA"-'-(q)A(q' )   -  ij 

"=  A(q)JA(q')   -  I  +  eH  >|(q-Q)A(q' )] . 

From  (8.19) 
(V-16)  A(q')   -  I  -  -  efV>^(q'-Q)A(q')    . 


Hence 
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(V-15a)        A(q«)-A(q)  -  eA(q)i\  [>((q-Q)-  >|(q'-Q)1  A(q'). 
Furthermore, 

(V-17)  >{(q-q')[>^(q-Q)->j(q'-Q)l  -  ^/(q-Q)  V|(Q-q'). 

Hence,  after  some  obvious  rearrangements  vie  have 

(V-18)        >\(q-q')JA(q')  -  A(q)l  =  eA(q)rv>((q-Q)  V|(Q.q.)A(q« ). 

Substituting  this  expression  in  (V-IU)  we  have-on  comparing  with  (V-9), 


(V-l?)  K*K^  -  e   /     /dqdq'  6(q-Q)A(q)nv((ci-Q)  >j(Q-q' )*(q' )<X6(q'-Q)-  -tKK^  , 

as  required.  We  shall  now  prove 
(V-20)  UqU  -  I. 

Equation  (V-20)  is  equivalent  to 

(V-21)  WU*U  -  I. 

Since  we  are  assuming  that  W  has  an  inverse  w"  ,  equation  (V-21)  is  equivalent 

to 

(V-22)  W"^  -  U*U. 

From  equation  (8.23)  we  have 

(V-23)        D  »  /5(q-Q)A(q)dq,      U*  -  /  A*(q' )5(q'-Q)dq' . 
^%  % 

Thus,  on  using  5(q-Q)6(q«-Q)  -  5(q-Q)5(q-q' )  we  obtain 

^1 
(V-2U)  U*IJ  -  /  A*(q)6(q-Q)A(q)dqo 

\ 

At  this  point  it  will  be  convenient  to  introduce  derivatives  of  operators,  W» 
shall  do  so  formally,  although  undoubtedly  it  is  possible  to  justify  the  steps 


-  5b  - 

rigorously.  On  taking  the  derivative  with  respect  to  q  of 

(V-25)  A(q)A"-'-(q)  -  I 

one  obtains 

(V-26)         [1^  A(q)]A-^(q)  -  A(q)  [^  A'^Cq)]  -  0 

or 

(V.27)  ^  A(q)  -  -A(q)  [^  A-^(q)]A(q). 

But  from  (V-3) 

(V-28)         I^A"^^^)  -  ea^^l(q-Q) 

-  6  rL6(q-Q). 
Thus  on  substituting  (V-28)  into  (V-27)  and  integrating  we  get 

q 

(V-29)         A(q)  »  C  -  e  /A(q')rL  5(q'-Q)A(q' )dq' , 

% 
where  C  is  an  operator  to  be  determined  by  boundary  conditions  on  A(q)»  We 
note  that 
(V-30)  v|(q^  -  Q)  -  I 

\(%  -  Q)  -  0, 

which  follows  from  the  fact  that 

^1 


^((q^-Q)  1^  >  =  /  |q  >  ^(qi-q)dq  <  q| 


for  any  state    \g>  >.     Since  q^  <  q  <  q. ,     )](qn-q)  =  !•     Hence     ^{q-^-Q)  \9  >  ' 

> 

/   |q  >  dq  <  q|^  >  '    \9   >,froin  which  the  first  of  equations  (V-30)  follows, 
\ 
The  second  is  obtained  similarly.  Therefore, 
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(V-31)  A'-'-Cq^)    -  W 

A-^(%)   '  I, 
flrom  which  it  follows  that 
(V-32)  A(q^)   "  W"^ 

A(q^)   -   I. 
Using  the  second  boundary  condition  of  (V-32)  tn  (V-29),  we  have 

q 

(V-33)  A(q)   -   I  -   e   /A(q')-^  6(q'-Q)A(q')dq' , 

and  on  using  the  first  of  equations  (V-32)  we  get 
(V-3U)        W'^  -  I  -  6  /  A(q)rL  5(q-Q)A(q)dq  . 

But  from  (8.26) 

(V-35)  A(q)rL  -I\A*(q). 

Hence  on  using  (V-3U)  and   (V-2U)  we  have 

q^ 

(V-36)  W"^  -  I  -  eA  /   A*(q)6(q-Q)A(q)dq  -  I  -  6Au*U. 

Now 

(V-37)  WW"^  ■   (I  +  tL\)v'^  -  I 

or 

(V-3«)  w"-^  -  I  -  eaw"^. 

Comparing  (V-3ti)  and  (V-36),  we  see  that 

(V-39)  AW"^  •  XYU*U, 

or^ifiA.  has  an  inverse, 

(V-UO)  W""*"  •  U*U 


-  60  - 


or  finally 


(V-Ul)  WU*U  -  U  U  -  I, 


which  was  to  be  shown* 
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7  Eq.    (h.ll)   add  minus   sign  in  exponent  to  read 

iH  t 
lim       e     °     e'^"^  n_\(^  >  =  S\(^  >. 
t->+oo 


16     In  Eq.  (7.3)  change  integration  variable  to  read-dq' •• 'instead  of-da* 

16     In  Eq.  (7.U)  change  last  factor 

to  read       <  q'|HjA3E,a  > 

instead  of     <  H,A;E,a  > 

23     In  first  line  of  Proof 

read  u^"""^  =  I  +  eK^''"^ 

instead  of     u^-"-^  =  I  +  K^"^^. 
.  In  second  line  of  Proof 

read  u^-*-^  -  I  +  &K^'^^ 

0  o 

instead  of     u'"'"^  =  I  +  K^"""^ 
0         o 

50     In  title  of  Appendix  III 

read  u  =  u  M 

±  ± 

instead  of     u  =  u  M 

i   + 


